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Abstract 
 
The time-independent and -dependent damage characteristics of brittle rocks inside the pre-
failure range have been investigated using numerical simulations and lab testing. Grain-based 
discrete element models have been developed to simulate both, time-independent and -dependent 
damage evolution leading to ultimate failure of sandstone and granite, respectively. The models 
take into account elastic grain and elasto-plastic contact deformation, inter- and intra-granular 
fracturing and lifetime prediction on the basis of subcritical crack growth. The time-independent 
mechanical behavior of Coconino sandstone and Lac du Bonnet granite during uniaxial 
compression tests, Brazilian splitting tests and fracture toughness tests was simulated. Triaxial 
compression tests and fracture toughness tests for Kirchberg II granite and fracture patterns tests 
for Eibenstock II granite were carried out in laboratory to perform time-independent damage and 
failure criterion analysis. The corresponding simulations showed reasonable damage phenomena 
compared with experimental results. Damage indices were deduced and were applied for different 
time-independent simulations. Based on calibrations of the time-independent damage simulations 
of selected brittle rocks, Charles equation and Hillig-Charles equation, which are generally used 
to describe subcritical crack growth, were implemented into the numerical code to simulate time-
dependent damage. One-edged crack growth in Coconino sandstone specimen due to stress 
corrosion has been analyzed theoretically and numerically. Uniaxial compressive creep tests for 
Lac du Bonnet granite were simulated and time-dependent behavior in terms of the damage 
process during primary, secondary and tertiary creep until final failure characterized by 
macroscopic fracturing was discussed in detail. Subsequent to this, the time-dependent Mode-I 
crack growth tests and uniaxial compressive creep tests for Kirchberg II granite were carried out 
and the corresponding simulations were performed. Simulation results are in good agreement 
with experimental observations. In addition, damage indices and time-dependent fracture 
development were monitored and illustrated. The developed approach was applied to two 
potential practical applications: the damage analysis of a sandstone landscape arch and a tunnel. 
Finally, the results are summarized and recommendations for future work are proposed.
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vx, vy, vz displacement in the x, y and z-direction, respectively 
V, V0 activation volume and unit volume, respectively 
Vm molar volume of the material 
Vs activation volume for shear stress existing at the crack tip 
W, W0 width of sample and model, respectively 
WF, WD, WE external work, dissipation energy and elastic strain energy, respectively 
Y, minY  dimensionless and critical dimensionless stress intensity value 
α, α0, α1, αB ratios 
βi inclination angle 
β1t, β2t, β1s, β2s subcritical crack growth parameters 
ΔH activation energy 
Δtb, Δtmax, Δtmin actual, maximum and minimum time steps, respectively 
Δti elapsed time from ti-1 to ti 
Δus incremental shear displacement at contact 
εa, εb vertical and lateral strain at 50% uniaxial compressive strength, respectively 
εi (i = 1, 2, 3)  total strain for corresponding principal stress directions 
εie (i = 1, 2, 3) related elastic strain for corresponding principal stress directions 
φ, φr friction angle and residual friction angle, respectively 
φtrial  trial value for friction angle 
γ  interfacial surface energy 
κ0  lateral stress coefficient 
λ1i, λ2i contact degradation constant for tensile and cohesive strength, respectively 
μ, μb Poisson's ratio and Poisson's ratio of block, respectively 
μi unloaded Poisson’s ratio  
θ inclination angle 
 
 
XX 
 
ρ density of rock 
ρ0 radius of the curvature at the crack tip 
σ, σn, σt tensile stress, normal stress and tensile strength, respectively 
σc, σu uniaxial compression strength and uniaxial compression stress, respectively 
σi, σmi average normal stress at contact i, respectively 
σi (i = 1, 2, 3) principal stresses 
σR, σω, σ0 radial, tangential, and vertical boundary shear stresses, respectively 
τ, τRω shear stress 
τs, τmax shear stress and shear strength at contact, respectively 
τi average shear stress at contact i 
ω inclination angle 
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1 Introduction 
 
1.1 Objective and scope 
 
Geo-materials, in particular rocks have a complex mechanical behavior including a high ratio of 
uniaxial compression strength to tensile strength, a nonlinear failure envelope and time-
dependent damage and deformation characteristics (Hoek, 1983; Heap, 2009). The stability and 
safety of geotechnical structures such as mines, tunnels, nuclear waste repositories, slopes and 
landscape rock arches have a profound relation to strength and damage characteristics of rocks. 
The pre-failure damage evolution in rocks can affect the serviceability of rock structures, 
especially for nuclear waste repositories, where the damage inside the host rock and overlying 
strata should be minimized and predictable considering that crack development is a time and 
stress-dependent process. One major purpose of this study on the pre-failure damage is to 
estimate the time to failure based on damage evolution (Lei et al., 2004). Therefore, it is 
necessary to investigate the pre-failure damage characteristics and the process of damage 
accumulation. 
 
In this thesis, the time-independent and -dependent damage development is analyzed using lab 
tests and numerical simulations. A series of lab tests, such as triaxial compression tests, fracture 
pattern tests, Mode-I and Mode-II fracture toughness tests as well as time-dependent Mode-I 
crack growth and uniaxial creep tests, were carried out to study the damage characteristics of 
Kirchberg II granite and Eibenstock II granite. Both the time-independent damage due to critical 
crack growth and time-dependent damage evolution due to subcritical crack growth at the grain 
size level were simulated using the distinct element code UDEC. The numerical simulations were 
performed using the embedded constitutive laws for elastic grains and elasto-plastic contacts, but 
extended by implementing the Charles (1958a, b) and Hillig-Charles equations (1965) to consider 
the time-dependent damage evolution due to subcritical crack growth. The proposed numerical 
simulation scheme is applied to the well investigated time-independent behavior of Coconino 
sandstone, Lac du Bonnet (LdB) granite, Kirchberg II granite and Eibenstock II granite, and to 
time-dependent damage evolution of Coconino sandstone, LdB granite, and Kirchberg II granite. 
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2 State of the art 
 
2.1 Theoretical background 
 
Any rock is characterized to some extend by initial damage (microcracks, voids, pores etc.). 
During the service period the rock will experience further damage due to subcritical crack growth 
even if the load is constant and finally this may lead to catastrophic failure. These processes are 
closely related to fracture mechanics, failure criterions and subcritical crack growth theory. 
 
2.1.1 Time-independent damage 
 
2.1.1.1 Fracture criterion based on stress intensity factors 
 
Based on the work of Inglis (1913), Griffith (1920) has proposed a theory which describes stress 
concentrations at tips of microcracks, flaws and voids in brittle materials and systematically 
introduced the energy balance approach to analyze development of cracks. Irwin (1956, 1957) 
modified this theory and proposed the term stress intensity factor to analytically express the stress 
and displacement field around crack tips. The stress intensity factors can be distinguished into KI, 
KII and KIII corresponding to Mode-I (tension, stress normal to x-z plane), Mode-II (shear, stress 
in x-z plane and relative displacements in x-direction) and Mode-III (torsion, stress in x-z plane 
and relative displacements in z-direction) crack opening modes as illustrated in Figure 2.1.  
 
 
Figure 2.1 Three crack opening modes in brittle materials (Gross and Seelig, 2011) 
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For Mode-III crack: 
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
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K
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where vx, vy and vz are the displacements in the x, y and z-direction, respectively. G is the shear 
modulus, κ = 3 – 4μ holds for plane strain and κ = (3 – μ)/(1 + μ) holds for plane stress, μ is 
Poisson‘s ratio and other parameters are shown in Figure 2.2. 
 
The three stress intensity factors are expressed as: 
  
20I aK   (2.7) 
 
20II aK   (2.8) 
 
20III aK    (2.9) 
 
where a0 is the length of the crack. Other parameters are shown in Figure 2.2. 
 
The fracture criterion for brittle materials with crack (Figure 2.2) is based on the assumption that 
the crack will suddenly grow when the stress intensity factor is equal to the fracture toughness. 
Specifically, for Mode-I, Mode-II and Mode-III cracks, the corresponding formula indicates 
crack growth whenever KI = KIc, KII = KIIc or KIII = KIIIc. KIc, KIIc and KIIIc are called Mode-I, Mode-
II and Mode-III fracture toughness, which represent material‘s resistance against crack 
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propagation for the corresponding crack modes. For a crack under mixed-mode loading, the stress 
and displacement field can be analyzed by superposition method and the fracture criterion can be 
described by f (KI /KIc, KII /KIIc, KIII /KIIIc) = 0. For example, a fracture criterion for a 2D disc with 
central crack was proposed by Awaji and Sato (1978) and Atkinson et al. (1982):  
(KI /KIc)
n + (KII /KIIc)
n = 1, where n is a constant. 
 
2.1.1.2 Fracture toughness determination for disc-shaped specimen 
 
One of the popular methods to determine Mode-I fracture toughness of rocks, also suggested by 
the International Society for Rock Mechanics (ISRM), is based on lab tests using a cracked 
chevron notched Brazilian disc (CCNBD) as shown in Figure 2.3 (Fowell et al., 1995).  
 
 min
max
Ic
2
Y
RB
P
K  (2.10) 
 
where Pmax is maximum load, B is thickness of specimen, R is radius of specimen, and minY  is 
critical dimensionless stress intensity value which is determined by specimen geometry α0 = a0 /R, 
α1 = a1 /R, αB = B/R and αs = Rs /R, (the meaning of geometrical parameters is shown in Figure 2.3). 
 
 
Figure 2.3 Sketch for CCNBD specimen 
 
Chapter 2 State of the art  
 
7 
 
However, the ISRM suggested method using CCNBD specimen is only used for Mode-I fracture 
toughness testing and not valid for mixed-mode conditions. Another method which adopts the 
cracked straight through Brazilian disc (CSTBD) specimen (Figure 2.4) is wildly used to obtain 
fracture toughness values under Mode-I, Mode-II and mixed-mode conditions. Since the fracture 
toughness test using disc specimen was proposed by Awaji & Sato (1978), lab tests, numerical 
simulations and further theoretical developments were carried out by many researchers (Sanchez, 
1979; Atkinson et al., 1982; Chen et al., 1998; Al-Shayea et al., 2000; Liu et al., 2007). Atkinson 
et al. (1982) have deduced an explicit solution for stress intensity factor for the CSTBD under 
compression (Figure 2.4), especially for ‘short crack’ (ratio of crack length to specimen radius is 
less than 0.6). 
 
II NRB
aPK S  (2.11) 
 
IIII NRB
aPK S  (2.12) 
 
where a is half-crack length, P is load, and NI and NII are non-dimensional coefficients depending 
on the specimen and crack dimensions as well as crack orientation. 
 
 
Figure 2.4 Sketch for CSTBD specimen 
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For α = a/R = 0.3, Atkinson et al. (1982) have deduced approximate equations for NI and NII: 
 
  2222I cos41sin4sin41  N  (2.13) 
 
    2sin]5cos82[ 22I N  (2.14) 
 
where θ is the angle between crack orientation and loading direction, and α = a/R is defined as 
the relative crack length. 
 
As NI and NII change with θ and α, for special values of θ and α, NI or NII can be zero (shown in 
Figure 2.5). For example, when α = 0.3 and θ = 0°, that means NI = 1 and NII = 0, pure Mode-I 
conditions are obtained. When α = 0.3 and θ ≈ 27.2°, then NI ≈ 0 and NII ≈ 1.72342 and pure 
Mode-II conditions are reached.  
 
 
Figure 2.5 NI and NII versus θ for α = 0.3 
 
For α > 0.6, Eqs. (2.13) & (2.14) cannot accurately calculate NI and NII. Dong et al. (2004) have 
deduced the explicit expressions of non-dimensional coefficients for the stress intensity factor 
calculation using fracture mechanics weight functions. The corresponding explicit expressions 
are listed as follows: 
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where the coefficients Aji (j = 1, 2; i = 1, 2,…n) are explicitly written as follows: 
 
       12cos2cos1  iiiiA i  (2.17) 
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The coefficients fji (j = 1, 2; i = 1, 2,…n) are explicitly given as: 
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According to Eqs. (2.15)̢(2.23), the 30-term approximations (i = 30) are adopted for precisely 
obtaining the curves of NI and NII versus θ for different α (see Figure 2.6). For example, when 
α = 0.3 and θ = 0°, that means NI = 1.1368 and NII = 0, pure Mode-I conditions exist. When 
α = 0.3 and θ ≈ 27.23°, that means NI ≈ 0 and NII ≈ 1.8624, pure Mode-II conditions exist. 
Obviously, for α = 0.3, there are acceptable differences in the calculation results for NI and NII 
applying the methods of Atkinson et al. (1982) and Dong et al. (2004). 
 
 
Figure 2.6 NI and NII versus θ for different α 
 
2.1.1.3 Empirical Failure criterions 
 
The Mohr-Coulomb failure criterion is widely used in geotechnical engineering and plenty of 
researches about this criterion were carried out in the last decades (e.g. Zhao, 2000; Sofianos and 
Halakatevakis, 2002; Obara and Ishiguro, 2004; Palchik, 2006). According to the criterion, the 
shear strength of rock is related to its cohesion and internal friction angle, expressed as: 
 
MVW tannc  (2.24) 
 
where c is cohesion, σn is normal stress acting on the sliding (shear) plane, and φ is the internal 
friction angle. This criterion can be described by the principal stress according to point of 
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If the parameters c and υ  are constant during any loading or damage state, the criterion is linear. 
Actually, these parameters will change with damage accumulation under different confining 
pressure. Therefore, a non-linear failure criterion is necessary for accurate describing the strength 
of brittle rocks or rock masses. 
 
One of the most popular non-linear failure criterions is the so-called Hoek-Brown criterion (Hoek 
and Brown, 1980a, 1980b; Hoek et al., 2002) which is based on the properties of intact rock, but 
also considers the characteristics of joints. The general expression of this criterion is: 
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where σc is uniaxial compressive strength. mb is a reduced value of the constant mi and is given 
by 
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s and b are constants for rock mass expressed by: 
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The relationship between subcritical crack growth velocity and stress intensity factor is illustrated 
in Figure 2.9. As discussed by many researchers (Freiman, 1984; Atkinson, 1984; Potyondy, 
2007; Rinne, 2008), KI0 is the lower limit stress intensity factor, below which the crack is stable. 
KIc is the Mode-I fracture toughness. If that value is reached the velocity of crack growth 
suddenly approaches critical values and causes failure. In region 1 of Figure 2.9, the velocity is 
controlled by the rate of stress corrosion reactions at the crack tips. In region 2, the velocity is 
controlled by the rate of transport of reactive species to the crack tip and in region 3, crack 
growth is mainly ruled by mechanical rupture and is relatively insensitive to the chemical 
environment. It is well known that subcritical crack growth is also affected by the surrounding 
environment (water, temperature, electrolyte concentration etc). Nara et al. (2011) showed that 
the velocity of cracking in sandstone increased by several orders of magnitude with threefold or 
fourfold increase of the relative humidity. He also considered the acceleration of crack growth 
due to the increase of temperature and the suppression of the crack growth due to the decrease of 
water. Nara et al. (2014) has investigated the influence of electrolyte concentration on the 
subcritical crack growth in Berea sandstone and Shirahama sandstone. However, the influence of 
environment agents is not considered in this thesis. 
 
Therefore, for investigation of time-dependent damage and long-term stability of rocks, it is 
necessary to consider subcritical crack growth (Lockner and Madden, 1991; Konietzky et al., 
2009; Ko and Kemeny, 2013; Li and Konietzky, 2014a, b, c). There are two popular equations to 
describe subcritical crack growth: one is the Charles equation (1958a, b) and the other is the 
Hillig-Charles equation (1965). Both equations have been embedded in the numerical model to 
perform time-dependent damage simulations. 
 
2.1.2.1 Charles equation 
 
Charles equation (power law) is one of the most popular expressions used to describe the 
subcritical crack growth for region 1 in Figure 2.9 (Amitrano and Helmstetter, 2006; Rinne, 
2008). Charles (1958a, b) proposed a power law to describe the delayed failure of glass. The 
formula that reveals the relation between subcritical crack growth velocity and fracture toughness 
is given as follows: 
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 TRHKvv n 00 exp0   (2.37) 
 
where v0 is the initial velocity (material constant), K is the stress intensity factor, n0 is the stress 
corrosion index, ΔH is the activation energy, R0 is the gas constant and T is the absolute 
temperature. 
 
Only Mode-I and Mode-II cracks are considered in the 2D case (Mode-III cracks exist in 3D 
case). In a simplified form, Eq. (2.37) has been applied to rocks (Atkinson 1984; Kemeny, 1993; 
Lee, 2007; Rinne, 2008): 
 
  IIcIII
nKKAv   (2.38) 
 
  IIIIcIIIIII
nKKAv   (2.39) 
 
where vI and vII are the Mode-I and Mode-II crack growth velocities, respectively, AI and AII are 
the fracture growth constants, and nI and nII are the stress corrosion indices. 
 
2.1.2.2 Hillig-Charles equation 
 
Hillig-Charles equation (exponential law) is also frequently used to describe the subcritical crack 
growth. Hillig and Charles (1965) made the hypothesis that the static fatigue in glass follows the 
rule of chemical reaction between the glass and the environment, but they have also recognized 
that the process is stress-sensitive. According to their findings, they proposed a quantitative 
equation for describing crack velocity: 
 
  TRVVEvv m 0000 exp    (2.40) 
 
where E0 is the stress free activation energy, V is the activation volume, σ is the tensile stress at 
the crack tip, Vm is the molar volume of the material, γ is the interfacial surface energy between 
the glass and the reaction products, and ρ0 is the radius of the curvature of the crack tip. 
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When only shear stress exists at the crack tip, the crack velocity is given by an expression similar 
to Eq. (2.40): 
 
  TRVVEvv ms 0000 exp    (2.41) 
 
where Vs is the activation volume for shear stress existing at the crack tip, τ is the shear stress. 
 
Wiederhorn and Bolz (1970) have re-written Equation (2.40) by introducing the two-dimensional 
Griffith crack term 0I2  K : 
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 (2.42) 
 
Based on Equation (2.42), Wiederhorn et al. (1980) proposed an empirical relation by fitting lab 
test data from glass using least square method:  
 
  TRKbEvv 0I00 exp    (2.43) 
 
where b0 is an empirical constant obtained from the fitting curve. 
 
Equation (2.43) was successfully used to analyze subcritical crack growth in rocks (e.g. Atkinson, 
1984, Amitrano and Helmstetter, 2006; Potyondy, 2007).  
 
2.2 Damage evaluation 
 
There are many different indirect or direct measures to define the damage state during loading 
process, such as decreasing elastic modulus, variation of acoustic emission (AE) activity, 
increasing strain, increasing dissipation energy or increasing crack density (Kim et al., 2014; Xu 
et al., 2014; Kim and McCarter, 1998; Qiu et al., 2014; Yang et al., 2007; Li et al., 2012). 
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According to elastic damage mechanics, the damage accumulation is represented by gradual 
degradation of the elastic modulus (Peng et al., 2014b). This damage definition is 
  
  int1 EDE Ed   (2.44) 
 
where DE is the damage variable based on elastic modulus (or tangential modulus), and Ed and 
Eint are the elastic modulus of  damaged and undamaged rocks, respectively. 
 
Eberhardt et al. (1999) showed, that AE has a close correlation with the release of energy 
associated with damage-related mechanisms in rocks. They used normalized AE rates to describe 
the degradation of cohesion and development of microfractures leading to unstable crack 
propagation and also deduced the relation between normalized AE rates and stresses. 
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where DAE is damage parameter based on AE count, NAE is AE count, NtotalAE is AE count at σcd. σu 
and σcd are the uniaxial stress and the crack damage stress threshold, respectively. 
 
From the viewpoint of energy conservation, the damage process of rocks is accompanied by 
energy dissipation which includes released energy due to crack development, irreversible plastic 
deformations, radiation of seismic waves, heat production etc. Therefore, the damage DW for unit 
volume of rock can be defined by the ratio of dissipation energy UD versus critical dissipation 
energy UDmax (Xie et al., 2009). The following equations are introduced: 
 
maxD
D
W U
U
D   (2.46) 
 
ED UUU   (2.47) 
 
Chapter 2 State of the art  
 
19 
 
  
1 32
0 0 330 2211
 
 dddU   (2.48) 
 
eee
EU 332211 2
1
2
1
2
1
   (2.49) 
 
  kjii
i
e
i E
 
1
 (2.50) 
 
where U is the total energy (or work done by outer forces), UE is the elastic strain energy in rock 
element, σi (i = 1, 2, 3) are the principal stresses, εi (i = 1, 2, 3) are the total strains for 
corresponding principal stress directions, εi
e are the related elastic strains, Ei is the unloaded 
elastic modulus, and μi is the unloaded Poisson‘s ratio. 
 
In statistical fracture mechanics, the probability of survival for a unit volume of material is 
expressed as (Liu and Katsabanis, 1997): 
 
0VC
s
dep   (2.51) 
 
where V0 is a unit volume, and Cd is the crack density (for a more detailed explaination see Liu 
and Katsabanis, 1997). So, the probability of fracture for this unit volume is given as: 
 
 01 VCf dep
  (2.52) 
 
When the microcracks have not been activated or developed, Cd is equal to 0 and Pf is also equal 
to 0. When the microcracks have been completely activated and have grown through the whole 
unit, Cd becomes very large and Pf is close to 1. Hence, the damage Dp can be evaluated by the 
probability of fracture: 
 
01 VCfp depD
  (2.53) 
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The damage state can also be characterized by a measure of defects or voids in a cross-section (Li 
et al., 2012): 
 
A
A
DA

  (2.54) 
 
where A and A' are the initial area of the cross-section and total cracked area along the cross-
section, respectively. 
 
In this thesis, the degradation of tangential modulus and increase of dissipation energy will be 
used to evaluate the damage in rocks. In numerical simulations, the number of failed contacts at 
different loading stages or different elapsed time divided by maximum number of failed contacts 
is introduced to assess the damage. 
 
2.3 Lab testing 
 
In the past several decades, a great amount of lab tests like uniaxial compression tests, triaxial 
compression tests, Brazilian tests, fracture toughness tests or different types of creep tests have 
been carried out to investigate the damage and failure characteristics of rocks. The following 
review concentrates on tests, which consider fracture toughness, crack coalescence, subcritical 
crack growth and creep tests. 
 
There are several popular methods for Mode-I fracture toughness tests suggested by ISRM, e.g. 
using chevron bend (CB), short rod (SR), cracked chevron notched Brazilian disc (CCNBD) and 
semi-circular bend (SCB) specimens (Ouchterlony et al., 1988; Fowell et al., 1995; Kuruppu et 
al., 2014). For determination of Mode-II fracture toughness, Backers and Stephansson (2012) 
proposed a punch-through shear (PTS) test, which is also suggested by ISRM. Besides these 
suggested methods, the cracked straight through Brazilian disc (CSTBD) specimen is also widely 
adopted for Mode-I, Mode-II and mixed-mode (I and II) fracture toughness tests (Atkinson et al., 
1982; Chen et al., 1998; Al-Shayea et al., 2000). Luong (1992) introduced a method to test the 
Mode-III fracture toughness of Fontainebleau sandstone. Ko (2008) has done Mode-III fracture 
toughness tests for Coconino sandstone applying torsion to rectangular specimen and 
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circumferentially notched cylindrical specimen. Li et al. (2013) proposed an experimental method 
to study mixed mode fracturing of rock under different temperature. Rock or rock-like specimens 
with some pre-existing fissures have been extensively tested for analyzing the crack coalescing 
mechanism e.g. by Wong and Einstein (2009), Yang et al. (2012, 2014) and Zhou et al. (2014).  
 
Several researchers have investigated subcritical crack growth by double torsion (DB) tests (e.g. 
Atkinson, 1979, 1980, 1982; Meredith and Atkinson, 1983; Nara and Kaneko, 2005, 2006; Ko, 
2008; Nara et al., 2014). In addition, the four-point bending test (Wilkins, 1980) and the double 
cantilever beam (DCB) test (Ko, 2008) were adopted for obtaining subcritical crack growth  
parameters. From the perspective of phenomenology, creep, which is generally subdivided into 
primary, secondary and tertiary stages, is only one aspect of the time-dependent behavior of rocks 
(Aydan et al., 2014). In order to determine the time-dependent strength or deformation of rocks, 
uniaxial compression, triaxial compression and tensile creep tests have been carried out in soft 
and hard rocks (Ito and Sasajima, 1980; Okubo et al., 2010; Ma and Daemen, 2006; Shin et al., 
2005; Zhang et al., 2012; Alkan et al., 2007; Kranz, 1979; Heap et al., 2011; Ito and Sasajima 
1980, 1987; Ito et al., 2008). 
 
In this research, basic rock mechanical tests were carried out, such as triaxial compression tests, 
Mode-I and Mode-II fracture toughness tests and fracture patterns tests, as well as time-
dependent tests such as Mode-I crack growth and uniaxial creep tests.  
 
2.4 Numerical simulation 
 
Considering that complex mechanical behavior of rocks, it is very difficult or even impossible to 
get analytical solutions to describe the macroscopic response (time-independent and -dependent) 
of rocks under different boundary conditions. However, sophisticated numerical methods can be 
used to analyze the mechanical behavior of rocks having such complex characteristics (Liu et al., 
2004; Groh et al., 2011). 
 
The damage and fracture characteristics of rocks have been studied by many researchers using 
numerical methods, such as finite element method (FEM), discrete element method (DEM) and 
boundary element method (BEM). For FEM, the cohesive zone model is frequently used for 
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simulating fracture propagation (Xu and Needleman, 1994; de Borst, 2003; Xu and Yuan, 2011; 
Sivakumar and Maji, 2014). In this approach, a cohesive zone is assumed in front of the crack tip 
so that stress singularity at the crack tip is avoided. A traction-separation law is used to represent 
the stress-displacement relationship of the cohesive zone (de Borst, 2003; Park and Paulino, 
2011). The separation takes place when the stresses or displacements reach a specific limit, and 
pulling effects overcome cohesive tractions (Jin and Sun, 2006; Sivakumar and Maji, 2014). 
Using the software RFPA based on a specific FEM approach, Tham et al., (2001) described the 
fracture process of specimens under compression and showed that failure is mainly a process of 
tensile fracturing developed in highly stressed shear bands. Liu et al. (2007) carried out a series 
of numerical simulations to reproduce the crack initiation, propagation, interaction and 
coalescence during the process of fracturing of rocks. In a DEM code such as UDEC, the material 
is composed of several individual blocks which connect and interact with one another at contacts. 
Cracks can propagate along edges of blocks if contacts are broken after reaching a failure 
criterion. Stress singularity at crack tips is avoided without the existence of a cohesive zone in the 
front of the crack tip. Debecker et al. (2006) simulated the fracture pattern of Brazilian tests with 
UDEC. Debecker and Vervoort (2009) used UDEC to investigate the fracture pattern of uniaxial 
compressive tests on layered rock and discussed the influence of input parameters. Lan et al. 
(2010) developed a heterogeneous model in UDEC to investigate the micromechanical behavior 
of rocks during compressive tests. Kazerani (2013a, 2013b) implemented a new constitutive 
particle based law in UDEC to simulate the influence of micromechanical parameters on failure 
process of rock. Tan et al. (2014) analyzed the Brazilian tests on transversely isotropic rocks 
using UDEC, and studied the inﬂuence of anisotropic strength parameters of weak planes. Using 
particle flow code (PFC), Potyondy and Cundall (2004) simulated elasticity, fracturing and 
damage accumulation inside a rock. Wang and Tonon (2009) simulated the triaxial compression 
of granite using DEM and discovered that micro level tensile failure occurs first, which is 
followed by the mobilization of residual friction. Hsieh et al. (2008) used DEM to simulate the 
macroscopic mechanical behavior of sandstone affected by microscopic properties. Yang et al. 
(2014) adopted PFC to exhibit fracture initiation and coalescence in red sandstone specimen 
containing two un-parallel fissures under uniaxial compression. Hafver et al. (2014) developed a 
new DEM approach which considers an elastic material based on a network of nodes connected 
by springs to simulate dynamic fracturing in low permeable elastic solids. Within BEM, a 
boundary element type was introduced to realize crack extension, and discontinuous elements are 
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used to obtain the displacement and traction fields along the crack surface. Mi and Aliabadi 
(1994) simulated planar and non-planar crack growth with BEM. Chen et al. (1998) proposed a 
new formulation of BEM to determine the fracture toughness of anisotropic rocks and predicted 
the crack initiation and propagation in shale samples. 
 
Apart from the above mentioned aspects, time-dependent damage of rocks, which is especially 
important for long-term stability considerations in geotechnical engineering, is of key concern. 
Kemeny (2005) developed a fracture mechanical model in UDEC considering the degradation of 
cohesive strength of rocks due to subcritical crack growth to simulate time-dependent failure of 
rock bridges along discontinuities. Lee (2007) analyzed the time-dependent Coconino rock slope 
stability using UDEC according to the method proposed by Kemeny (2005). Rinne (2008) 
adopted FRACOD to simulate subcritical crack growth and investigated the damage in rocks. 
Park (2006) introduced a numerical method in PFC to investigate time-dependent fracture growth 
in rocks. Potyondy (2007) used PFC to simulate static fatigue of granite due to stress corrosion. 
Based on the theory of subcritical crack growth, Konietzky et al. (2009) proposed a continuum 
based numerical model in FLAC to simulate the lifetime of rocks under static loads by growing 
microcracks. Li and Konietzky (2014a, b, c) developed this approach further by taking into 
account stochastic distributions for initial length and orientation of microcracks and different 
crack growth models. 
 
The numerical approaches presented in this thesis combine the explicit consideration of time-
independent and -dependent damage evolution at the level of grain size until final failure for 
sandstone and granite. The proposed scheme is not only applied to the well investigated uniaxial 
compression, Brazilian and fracture toughness tests of these rocks, but include also subcritical 
crack growth analysis. UDEC was used to perform the numerical simulations utilizing the 
embedded constitutive laws for elastic grains and elasto-plastic contacts, and was extended by 
writing routines to simulate subcritical crack growth for time-dependent damage analysis. 
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3 Time-independent damage analysis 
 
3.1 Introduction 
 
In this chapter, first, a simple homogeneous numerical model is presented to simulate the time-
independent damage of Coconino sandstone. Furthermore, a heterogeneous numerical model is 
proposed to simulate time-independent damage in LdB granite. Finally, lab tests including 
triaxial compression and fracture toughness tests for Kirchberg II granite and fracture patterns 
tests for Eibenstock II granite are carried out and analyzed. Corresponding numerical simulations 
based on the heterogeneous model are performed and results are compared with those from lab 
tests. 
 
3.2 Homogeneous model 
 
3.2.1 Model description 
 
A grain-based homogenous model of sandstone (Figure 3.1) based on elastic and unbreakable 
Voronoi blocks was set up. In this model, all the blocks (mineral grains) have the same elastic 
modulus and Poisson‘s ratio. The contact behaviour is elasto-plastic and characterized by a 
Mohr-Coulomb failure criterion with tension cut-off and softening (Figure 3.2). In the normal 
and shear direction, the stress-displacement relation at the contacts below the strength limit is 
assumed to be linear and governed by normal stiffness kn and shear stiffness ks. If the tensile 
strength of the contacts is reached, the contacts break, and the residual tensile strength is set to 
zero. If the shear strength is reached, sudden softening takes place, and cohesion and friction of 
the contacts are set to residual values. All contacts have the same mechanical strength and 
stiffness. 
 
The contact behaviour is described by Eqs. (3.1) & (3.2). 
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where σn and τs are the normal and shear stresses, un and us are the normal and shear 
displacements, J T and JrT are the tensile and residual tensile strengths, τmax is the shear strength, 
J  C and JrC are the cohesive and the residual cohesive strengths, φ and φr are the friction and the 
residual friction angles, and Δus is the incremental contact shear displacement. 
 
 
Figure 3.1 Homogeneous numerical model for sandstone: Voronoi blocks representing mineral 
grains and contacts representing the interface between minerals. 
 
Within the model, the damage and fracture process associated with plastic deformations is 
controlled by the breakage of contacts and relative movement along or across them. 
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 (a)  (b) 
Figure 3.2 Elasto-plastic contact behaviour with softening: (a) in normal direction, (b) in shear 
direction. 
 
3.2.2 Numerical parameters analysis 
 
A series of numerical simulations such as uniaxial compressive, Brazilian and fracture toughness 
tests were carried out to investigate effect of numerical parameters including block parameters 
(Kb and μb) and contact parameters (kn, ks, J T, J C and φ) on the mechanical behavior (E, μ, σc, σt, 
KIc and KIIc) of the rock specimen. Height and diameter of samples in uniaxial compression tests 
are 100 mm and 50 mm, respectively. The diameter of the Brazilian discs is 50 mm, with either a 
15 mm long vertical crack and or a 15 mm long crack with 27.2° inclination to the loading 
direction, used for Mode-I and Mode-II fracture toughness tests (Figure 2.4), respectively (Chen 
et al., 1998; Atkinson et al., 1982). The basic numerical parameters are listed in Table 3.1. When 
the influence of one of the parameters is investigated, the other parameters are kept constant with 
values listed in Table 3.1. ρ is the density of rock, Gb and Kb are the shear and bulk modulus of 
blocks, μb is the Poisson’s ratio of blocks and d1 and d2 are the average edge lengths of blocks and 
zones, respectively. The numerical model is considered to be quasi-homogeneous. Several 
hundred simulations were performed to investigate the influence of the numerical parameters. For 
simplicity, only those simulation results which have main effects are shown below. 
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Table 3.1 Basic micromechanical parameters of numerical model 
Parameters Value Parameters Value 
kn 29647 GPa/m JrC 0 MPa 
ks 7234 GPa/m ρ 2450 kg/m3 
φ 39° Gb 24.0 GPa 
φr 19.5° Kb 27.3 GPa 
J C 45 MPa μb 0.16 
J T 16 MPa d1 0.002 m 
JrT 0 MPa d2 0.0012 m 
 
In uniaxial compression tests, elastic modulus (E) of rock specimen is mainly affected by 
Poisson’s ratio (μb) of blocks, bulk modulus (Kb) of blocks as well as normal (kn) and shear 
stiffness (ks) of contacts (Figure 3.3). E increases with increasing values of μb, kn, ks and Kb. 
 
 
Figure 3.3 E versus μb, kn, ks and Kb (uniaxial compression tests) 
 
Poisson’s ratio (μ) of rock specimen is closely related to μb, kn and ks in uniaxial compressive 
tests (Figure 3.4). μ almost linearly increases with growing μb and nonlinearly decreases with 
growth of ks, while with growing  kn, μ first decreases and then increases. 
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Figure 3.4 μ versus μb, kn and ks (uniaxial compression tests) 
 
 
Figure 3.5 σc versus J T, J C, φ, kn and ks (uniaxial compression tests) 
 
Figure 3.5 shows the variation of uniaxial compressive strength (σc) of numerical models with 
increasing tensile strength (J T), cohesive strength (J C), friction angle (φ), kn and ks of contacts. σc 
grows continually as J T, J C, φ and kn increase. However, with increasing ks, σc first increase and 
then decrease. Obviously, J C and φ have a greater impact than J T, kn and ks. 
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Figure 3.6 shows that tensile strength (σt) of numerical model increases with growth of J 
T and J C. 
It can be observed that J T has more effect on σt than J 
C and particularly, σt will be constant when 
J T or J C are bigger than certain values. This can be explained by the fact, that the tensile failure 
of contacts is predominant in Brazilian tests. Only increasing of J T (or J C) and keeping other 
parameters constant will lead to limits of maximum strength at contacts by value of J C (or J T). 
 
 
Figure 3.6 σt versus J 
T and J C (Brazilian tests) 
 
 
Figure 3.7 KIc versus J 
T and J C (Mode-I fracture toughness tests) 
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Figure 3.8 KIIc versus J T and J C (Mode-II fracture toughness tests) 
 
With increase of J T and J C, respectively, Mode-I and Mode-II fracture toughness show similar 
tendency as already described for tensile strength (Figure 3.7 and Figure 3.8). It should be noted 
that KIc reaches the constant value later than KIIc with growth of J T, and KIIc reaches the constant 
value later than KIc with growth of J C. This is because predominant tensile failure occurs at 
contacts in Mode-I fracture toughness tests and relatively more shear failure occurs at contacts in 
Mode-II fracture toughness tests. 
 
The following dependencies have to be considered for time-independent damage simulation of 
rocks.  
    The elastic modulus of rock specimen is controlled by μb, kn, ks and Kb. 
    The Poisson’s ratio of rock specimen is controlled by kn, ks and μb. 
    The uniaxial compressive strength of rock specimen is controlled by J T, J C, φ, kn and ks. 
    The tensile strength, Mode-I and Mode-II fracture toughness of rock specimen are 
controlled by J T and J C. 
 
3.2.3  Simulation of Coconino sandstone 
 
A series of time-independent numerical simulations of uniaxial compression tests, Brazilian tests 
and fracture toughness tests were carried out to calibrate and validate the numerical model of 
Coconino sandstone. As shown in Figure 3.9, the size of samples in uniaxial compression tests is 
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100 mm × 50 mm, respectively. The diameter of the Brazilian discs is 50 mm, with either a 
15 mm long vertical crack and or a 15 mm long crack with 27.2° inclination to the loading 
direction, used for Mode-I and Mode-II fracture toughness tests, respectively. Through a model 
calibration and optimization procedure, micromechanical input parameters (shown in Table 3.1) 
were determined on the basis of lab results (Lee, 2007 and Ko, 2008). 
 
The simulated fracture processes for different tests are illustrated in Figure 3.9. Figure 3.9a shows 
the simulated fracture process at different load levels and the corresponding compressive stress 
versus vertical strain curve of uniaxial compression test. Several macroscopic cracks (vertical 
tensile cracks and a shear band with inclination angle of 45°) which cause the failure of the 
specimen are observed at the final stage. The splitting failure of Brazilian disc is shown in 
Figure 3.9b where a diametric main crack with several small branches, following twisty paths in 
the disc at the final failure stage, is prominent. The load versus vertical strain curve, that 
illustrates dramatic decrease of load after peak, demonstrates the brittle failure of the disc. As 
shown in Figure 3.9c, the fracture type of the CSTBD specimen for Mode-I fracture toughness 
test is a macroscopic tensile one (almost parallel to the loading direction). The fractures at the 
two tips of central notch propagate in tortuous paths and finally reach the loading points. 
Figure 3.9d shows the failure pattern of Mode-II fracture toughness test, where the macroscopic 
cracks initiate from the two tips of the notch as shear fractures and then reach the loading points 
as wing cracks. Based on the simulations values for σc, E, μ, σt, KIc, KIIc can be deduced. 
 
Uniaxial compression test: 
 








GPa50.23440.2350.575.0
39.0440.2944.0
MPa70.114
ac
ab
c
E 


 (3.3) 
 
where εa and εb are the vertical and lateral strains at 50% uniaxial compressive strength. 
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Figure 3.9 Fracture pattern und load-strain curves. Red points indicate loading stages, which 
correspond to figures on left-hand site: (a) uniaxial compression test, (b) Brazilian test, (c) Mode-
I fracture toughness test, (d) Mode-II fracture toughness test. 
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Brazilian test: 
 
MPa24.6
105.0
48977422



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

dB
P
t  (3.4) 
 
where P is the maximum load, d is the diameter of the disc and B is the thickness of the disc.  
 
According to Eqs. (2.11)–(2.14), the simulated fracture toughness is: 
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A comparison between lab tests (Lee, 2007 and Ko, 2008) and the simulation results is listed in 
Table 3.2. The simulation results obtained by homogenous numerical model reasonably revealed 
the basic mechanical properties and crack growth patterns for different lab tests of Coconino 
sandstone. 
 
Table 3.2 Comparison between simulation and lab test results for Coconino sandstone 
Coconino sandstone Test results 
 (Lee, 2007) 
 Test results 
(Ko, 2008) 
Simulation 
results 
σc (MPa) 118.045 118.010 114.70 
E (GPa) 24.80 24.29 23.50 
μ 0.392 0.357 0.39 
σt (MPa) 6.42 6.38 6.24 
KIc (MPa.m
1/2) 0.592 0.651 0.57 
KIIc (MPa.m
1/2) 0.502 1.584 0.95 
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grain clumps (mineral clumps) were automatically produced (Figure 3.10). The Voronoi blocks 
themself are unbreakable and behave elastically. The contact behaviour which is elasto-plastic 
and characterized by a Mohr-Coulomb failure criterion with tension cut-off and softening is 
described by Eqs. (3.1) & (3.2). At the contacts between the mineral grains, the arithmetic 
average of the parameters is applied, e.g. the tensile strength at contact between biotite and quartz 
equals to average tensile strength of contacts inside biotite and quartz. 
 
3.3.2 Simulation of LdB granite  
 
Numerical simulation of uniaxial compression tests, Brazilian tests and fracture toughness tests 
performed for LdB granite are discussed in this section. Parameters for mineral grains and 
corresponding calibrated sets of contact parameters are specified in Table 3.3 & 3.4. 
 
Table 3.3 Mineral grain parameters (Bass, 1995; Chen et al., 2004; Yu et al., 2012) 
Mineral Elastic Modulus 
(GPa) 
Poisson‘s 
Ratio 
 
Biotite 35 0.25  
K-feldspar 62 0.27  
Quartz 91 0.20  
Plagioclase 69 0.23  
 
Through uniaxial compression tests, not only uniaxial compressive strength (UCS), but also 
elastic modulus and Poisson's ratio were obtained. Height and diameter of numerical model are 
63.4 mm and 31.7 mm, respectively (Figure 3.10 and Figure 3.12). Friction angle between 
loading plates and sample is 25°. Elastic constants were determined when vertical stress has 
reached 50% of UCS. Figure 3.11 shows the stress strain curve for the granite model as well as 
for artificial equivalent homogeneous models, which consist only of biotite or plagioclase. The 
homogeneous models show strongly linear regime up to the peak load, whereas the 
heterogeneous model (granite) reveals non-linearity already well before the peak load is reached, 
which clearly documents the influence of heterogeneity on the damage process and which is 
illustrated in Figure 3.12 for several load levels according to Figure 3.11. Based on the stress 
strain curve, UCS and elastic constants for the modelled granite were calculated: 
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GPa2.71646.125.1175.0
32.0646.1523.0
MPa5.234
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ab
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 (3.7) 
 
Table 3.4 Contact parameters (result of calibration) 
Contact kn 
(Pa/m) 
ks/kn 
(-) 
J T 
(MPa) 
JrT 
(MPa) 
J C 
(MPa) 
JrC 
(MPa) 
φ 
 (°) 
φr/φ 
(-) 
Biotite/Biotite 4.20E+14 1 19 0 37 0 48 0.5 
K-feldspar/K-feldspar 7.75E+14 1 23 0 52 0 55 0.5 
Quartz/Quartz 1.01E+15 1 26 0 62 0 62 0.5 
Plagioclase/Plagioclase 8.00E+14 1 24 0 57 0 59 0.5 
Biotite/K-feldspar 5.97E+14 1 21 0 44.5 0 51.5 0.5 
Biotite/Quartz 7.16E+14 1 22.5 0 49.5 0 55 0.5 
Biotite/Plagioclase 6.10E+14 1 21.5 0 47 0 53.5 0.5 
K-feldspar/Quartz 8.93E+14 1 24.5 0 57 0 58.5 0.5 
K-feldspar/Plagioclase 7.87E+14 1 23.5 0 54.5 0 57 0.5 
Quartz/Plagioclase 9.06E+14 1 25 0 59.5 0 60.5 0.5 
 
 
Figure 3.11 Stress-strain curves of uniaxial compression tests 
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Figure 3.12 Uniaxial compression test: damage state at different stress levels according to 
Figure 3.11 
 
Figure 3.12a shows a nearly pure elastic response. As shown in Figure 3.12b, at higher load level 
many cracks emerge first at the grain boundaries between different minerals and only very few 
cracks occur inside the quartz. However, if the tips of formed large cracks reach the high-strength 
quartz, the cracks will propagate through the quartz also (Fig. Figure 3.12b and Figure 3.12c). 
With increasing load, cracks propagate, coalesce and form macroscopic tensile fractures (axial 
splitting) and shear bands (Figure 3.12d and Figure 3.12e). Finally, a macroscopic shear band 
penetrating the whole sample with inclination of about 60° is observed.  
 
The diameter of Brazilian disc is 50 mm. All other parameters are the same as for the uniaxial 
compression test given in Table 3.3 & 3.4. Figure 3.13 shows the recorded load strain curves.  
There is a nearly linear elastic deformation in the region before stage ‘a’ is reached. Post-failure 
characteristics are recorded after stage ‘c’ is reached. Up to stage ‘a’ the lateral strain increases 
slowly (only minor cracks propagation). After stage ‘b’ has been reached a rapid increase in 
fracture propagation combined with significant dilation is observed (Figure 3.14). The tensile 
strength was calculated as: 
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86300022  uu
u  SSV dB
P
t  (3.8) 
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According to parameters given in Table 3.3 & 3.4 numerical models to simulate CSTBD Mode-I 
and Mode-II fracture toughness tests were set-up for different T . The disc diameter is 75 mm and 
the length of the central crack is 22.5 mm. The corresponding load-strain curves are shown in 
Figure 3.15.  
 
 
 (a) (b) 
Figure 3.15 Load strain curves for CSTBD tests: (a) Mode-I, (b) Mode-II 
 
As shown in Figure 3.15, both tests reveal brittle failure characteristics. Up to point ‘a’ the 
behavior is nearly elastic, only at the load entry points and at the end of the notches minor 
damage occurs. Between points ‘b’ and ‘c’ crack propagation increases dramatically and leads 
finally to splitting of the sample (Figure 3.16). However, there are some differences between 
Mode-I and Mode-II conditions. The increase in lateral strain in the post-failure region for Mode-
I is larger than that for Mode-II. This is caused by the fact, that the wing-crack type fracturing in 
Mode-II offers more potential for interlocking and frictional sliding, which limits the dilation.  
 
For θ = 0° pure tensile cracking occurs, but for θ = 27.2° the crack propagation starts as a shear 
crack and develops further as a wing-crack (Figure 3.16). The fracture toughness can be 
calculated by Eqs. (2.11)̢(2.14) : 
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Through a series of simulations (optimization procedure), micromechanical input parameters 
were obtained, which match the macroscopic lab test results. A comparison between lab test 
results (Homand-Etienne et al., 1998; Souley et al., 2001; Potyondy and Cundall, 2004; Wang 
and Tonon, 2009) and simulation results is listed in Table 3.5. 
 
3.4 Time-independent damage of Kirchberg II and Eibenstock II granite 
 
3.4.1 Time-independent lab tests 
 
Triaxial compression tests, fracture toughness tests and fracture pattern tests were carried out to 
determine the mechanical parameters and damage characteristics of granite. All the tests were 
performed in the Rock Mechanical Laboratory of the Geotechnical Institute at the Technical 
University Bergakademie Freiberg. 
 
3.4.1.1 Triaxial compressive tests 
 
Conventional triaxial compressive tests were carried out using MTS 815 rock testing system 
(Figure 3.17). The servo-controlled system consists of a pump unit (1 in Figure 3.17a) with 
nominal confining pressure up to 40 MPa, a load frame (2 in Figure 3.17a) with nominal axial 
load of 3600 kN (error < 0.05 %; sensitivity = ±  0.5 kN) and a data acquisition unit (3 in 
Figure 3.17a). More detailed information of triaxial cell is shown in Figure 3.17b. The 
circumferential and axial deformation is measured by a Linear Variable Differential Transducers 
(LVDT) attached to a chain wrapped tightly around the sample (4 in Figure 3.17b) and an axial 
LVDT (5 in Figure 3.17b), respectively. Cylindrical sample of Kirchberg II granite (50 mm 
diameter and 100 mm height), as shown in Figure 3.18, were tested under compressive load σ1 
(axial stress) with confining pressures of σ2 = σ3 = 10, 20 and 30 MPa. The sample was placed in 
the triaxial cell and an initial axial load of 1 kN was applied to it. Then, axial and confining 
pressure were increased simultaneously to the specified value and the circumferential pressure 
was maintained at this value. Then, the sample was compressed with a rate of 2 MPa/min until 
failure. Some mechanical parameters of the granite are listed in Table 3.6. 
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 (a) (b) 
Figure 3.17 Conventional triaxial compressive test: (a) MTS 815 rock testing system, (b) rock 
sample with sensors 
 
Table 3.6 Mechanical parameters (Tan, 2013) 
Granite ρ (kg/m3) σc (MPa) σt (MPa) E (GPa) μ 
Kirchberg II 2630 f 10 193.35 f 11.57 12.58 f 2.48 62.64 f 5.83 0.22 f 0.04 
 
 
 (a) (b) (c) 
Figure 3.18 Failed Kirchberg II granite samples under different confining pressure: (a) 10 MPa, 
(b) 20 MPa, (c) 30 MPa (Tan, 2013) 
 
Failed samples with typical fracture pattern are shown in Figure 3.18 and the corresponding test 
results are shown in Figure 3.19. The points ‘b1, b2 and b3’ in Figure 3.19 indicate the peak loads 
(σ1) at confining pressures of 10, 20 and 30 MPa, respectively. The points ‘C1, C2 and C3’ mark 
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the reversal points in respect to volumetric strain at confining pressures of 10, 20 and 30 MPa, 
respectively. 
 
 
 (a) (b) 
Figure 3.19 Results of triaxial compressive tests for Kirchberg II granite: (a) vertical stress versus 
vertical strain, (b) volumetric strain versus vertical strain 
 
3.4.1.2 Pre-failure damage analysis and a new failure criterion 
 
Based on the law of conservation of energy, the work WF done by outer forces is transferred into 
elastic strain energy WE and dissipation energy WD, which includes released energy due to crack 
development, irreversible plastic deformations, radiation of seismic waves, heat production etc. 
 
DEF WWW   (3.11) 
 
The work done by outer forces can be calculated as follows: 
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where F1 and F2 are the outer forces in the vertical and lateral direction, l1 and l2 are 
displacements in the vertical and lateral direction, ε1 and ε2 are strains in the vertical and lateral 
direction, D and H are diameter and height of the sample, and UF is the density of work done by 
the outer forces. Therefore, elastic and dissipative energies can be written as follows: 
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where UE and UD are the elastic strain energy density and dissipation energy density, respectively.  
 
According to Xie et al. (2009) and Peng et al. (2014b) the elastic strain energy is given by: 
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Substituting Eqs. (3.12) - (3.15) into Eq. (3.11), the following equation is obtained: 
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The calculated energy densities according to Eq. (3.15) & Eq. (3.16) for Kirchberg II granite are 
shown in Figure 3.20a & b. It is obvious that UF and UD increase with increasing strain, but UE 
first increases and then suddenly decreases due to tremendously releasing of strain energy after 
peak load. 
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 (a) (b) 
Figure 3.20 Energy density analysis for triaxial compressive tests for Kirchberg II granite: (a) 
outer work and elastic strain energy densities versus vertical strain, (b) dissipation energy density 
versus vertical strain 
 
The dissipation energy density UD and the tangential modulus ET (obtained from curve of vertical 
stress versus vertical strain) are used to evaluate the development of damage in the pre-failure 
range (only the data before peak load are chosen for the damage analysis). The fitting equations 
to describe the experimental data are given as follows: 
 
(a) for only considering influence of vertical stress: 
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where A1, A2, A3 and A4 are fitting parameters, the unit of A2 and A3 is MPa, but the unit of A1 and 
A4 is J/m
3  for UD and  GPa for ET. 
 
(b) for considering both influence of vertical stress and confining pressure: 
 
9
8
7361
5 exp)( AA
AA
AEorU TD 




 


 (3.18) 
 
 
Chapter 3 Time-independent damage analysis  
 
47 
 
where A5, A6, A7, A8 and A9 are fitting parameters, the unit of A6, A7 and A8 is MPa, but the unit of 
A5 and A9 is J/m
3  for UD and is GPa for ET. 
 
Table 3.7 Fitting results for UD and ET (the unit of stress is MPa) 
Parameters UD (J/m
3) ET (GPa) 
σ3 = 10 σ3 = 20 σ3 = 30 All data σ3 = 10 σ3 = 20 σ3 = 30 All data 
A1 or (A5) 218 364 121 356 -0.80 -2.35 -0.75 -0.77 
A2 or (A6) -18 -166 80 -1 138.13 136.80 137.42 -3.98 
A3 or (A7) 56 82 43 46 46.45 84.34 68.81 8.28 
A4 or (A8) 13098 19399 79017 63 65.21 68.47 66.84 76.45 
A9 - - - 39038 - - - 67.60 
r2 0.986 0.983 0.973 0.877 0.959 0.995 0.927 0.969 
 
Fitting results obtained by Eq. (3.17) and Eq. (3.18) for UD and ET are shown in Table 3.7. r
2 is 
the coefficient of correlation. The second column shows the fitting results obtained by Eq. (3.17) 
for UD which only considers the influence of σ1 when σ3 = 10 MPa. The corresponding parameters 
A1, A2, A3, A4 and r
2 are 218, -18, 56, 13098 and 0.986, respectively. The fifth column shows the 
fitting results obtained by Eq. (3.18) for UD which considers both influence of σ1 and σ3. The 
corresponding parameters A5, A6, A7, A8, A9 and r
2 are 356, -1, 46, 63, 39038 and 0.877, 
respectively. 
 
Fitting and experimental results for the dissipation energy density UD and tangential modulus ET 
are shown in Figure 3.21. The Figure 3.21a & c reveals that UD increases rapidly after the 
reversal points of volumetric strain (C1, C2 and C3) at different confining pressures. After the first 
phase of slow growth due to crack closure (initial data are not included in our fitting process), ET 
begins to decrease slowly and finally decreases rapidly with increasing load after the reversal 
point of volumetric strain. Although some fitting results obtained by Eq. (3.17) are better than 
those obtained by Eq. (3.18), the latter one has more practical meaning because Eq. (3.18) can 
predict the corresponding UD and ET for the whole stress space of  σ1 and σ3. Nevertheless, 
Eq. (3.17) can be used to reduce iterations during fitting process for Eq. (3.18). 
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 (a) (b) 
 
 (c) (d) 
Figure 3.21 Experimental and fitting results for triaxial compressive tests of Kirchberg II granite: 
(a) UD versus σ1 and fitting curves by Eq. (3.17), (b) ET versus σ1 and fitting curves by Eq. (3.17), 
(c) UD versus σ1 and fitting curves by Eq. (3.18), (d) ET versus σ1 and fitting curves by Eq. (3.18). 
 
In order to characterize the damage evolution, two damage indices considering growth of UD and 
degradation of ET are introduced. These damage indices are defined as follows: 
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where UDmax is the dissipation energy density at peak load (Figure 3.21a), and ET0 is the tangential 
modulus (average value of vertical intercepts of curves as shown in  Figure 3.21b & d). 
 
 
 (a) (b) 
 
 (c) (d) 
Figure 3.22 Damage indices versus vertical stress: (a) evaluated by UD, Eq. (3.17) and Eq. (3.19), 
(b) evaluated by ET, Eq. (3.17) and Eq. (3.20), (c) evaluated by UD, Eq. (3.18) and Eq. (3.19), (d) 
evaluated by ET, Eq. (3.18) and Eq. (3.20) 
 
The development of damage indices for experimental data in the pre-failure range and 
corresponding fitting results are shown in Figure 3.22. DW slightly increases before the reversal 
point of volumetric strain and then suddenly increases until failure of the sample (at peak load, 
DW = 1). DE reveals a similar tendency, but at peak load, DE is 0.67, 0.65 and 0.60 for 
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experimental data, fitting result by Eq. (3.17) and by Eq. (3.18), respectively. There are some 
variations due to the heterogeneity of the rock samples and measuring errors. Considering curves 
of DW and DE, it becomes clear, that reversal point of volumetric strain is an important indicator 
for damage acceleration. At this reversal point, average DW is 0.22, 0.24 and 0.28 and average DE 
is 0.09, 0.08 and 0.10 for experimental, fitting result by Eq. (3.17) and by Eq. (3.18), respectively. 
Therefore, we can specify DW = 0.22 and DE = 0.09 as damage acceleration points for Kirchberg 
II granite. For the same vertical load, samples tested at higher confining pressure show less 
damage. Eqs. (3.18) - (3.20) can be used to predict the development of damage for different 
combinations of σ1 and σ3. 
 
It is observed that the maximum value of elastic strain energy density UEmax increases with growth 
of confining pressure and this maximum value is reached at the peak vertical load (Figure 3.20a). 
According to Eq. (3.15), the elastic strain energy density can expressed as UE = σ1
2/(2E)  in 
uniaxial compression test (σ3 = 0). Therefore, the maximum value of elastic strain energy density 
in uniaxial compressive test can be expressed as UEmax = σc
2/(2E). Based on the description above, 
it can be deduce that UEmax has a correlation with σ3 and σc. Consequently, the correlation of  UEmax 
with σ3 and σc can be expressed as: 
 
    2323123max1232max1max 2
1
412
2
1
 BB
EE
U ccE   (3.21) 
 
where B1 and B2 are fitting parameters. 
UEmax is obtained on the basis of Eq. (3.15). The term (σc
2 + B1σcσ3 + B2σ32)/(2E) is empirically 
constructed by considering physical units of both sides of Eq. (3.21) and following the energetic 
considerations mentioned above. If σ3 = 0, Eq. (3.21) simplifies to UEmax = σ1max
2/(2E) = σc
2/(2E), 
which is identical to the expression deduced above. 
Rearrangement of Eq. (3.21) leads to the following equation, which represents the general form 
of a new failure criterion: 
 
  23123223max1 2242 ccBB    (3.22) 
 
When the fitting parameter B2 = 0, a simple form of the failure criterion is obtained: 
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  2312323max1 2242 ccB    (3.23) 
 
The new proposed failure criterion has similarities with the well known classical Hoek-Brown 
failure criterion (Hoek and Brown, 1980a; Hoek et al., 2002), which was empirically deduced on 
the basis of experimental data: 
 
1331  cic m   (3.24) 
 
where mi is a fitting parameter related to rock type. 
Experimental data obtained from triaxial lab testing used to analyse the new failure criterion and 
the classical Hoek-Brown failure criterion are listed in Table 3.8. 
 
Table 3.8 Experimental data for fitting failure criterion 
Rocks Experimental values (MPa) 
Kirchberg II granite σ3 0 10 20 30 
σ1 193.35 312.09 389.06 417.02 
Indiana limestone 
( Schwartz, 1964) 
σ3 0 6.5 13.7 20.3 27.9 34.4 41.2 48.4 55.4 62.3 68.4 
σ1 44 66 85 99 109 119 128.2 135.1 141.9 149.1 156.5 
 
Poisson‘s ratio of Indiana limestone and Kirchberg II granite are 0.26 (Hart and Wang, 1995) and 
0.22, respectively. According to Peng et al. (2014a) and Bewick and Kaiser (2014), the Hoek-
Brown failure criterion should be used for data on the left side of the Mogi‘s line or in a more 
strict condition of 0 < σ3 < 0.5σc. The data of Kirchberg II granite are directly fitted. But the data 
of Indiana limestone is divided into two groups: Indiana limestone (A) satisfying 0 < σ3 < 0.5σc 
and Indiana limestone (B) containing all data without this restriction. Calculation results for 
different failure criterions are listed in Table 3.9. The application of the new failure criterion also 
requires the definition of a suitable range for σ3. Considering that σ1max is monotonically 
increasing with growth of σc and σ3 (Hoek and Brown, 1980a, b), the restriction for applying the 
new failure criterion derived from Eq. (3.22) is 0 < σ3 < B1σc/(4 - 8μ
2 - 4μ - 2B2). For the tested 
data sets, the new criterion shows same or slightly better regression behavior compared to the 
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classical Hoek-Brown failure criterion (Figure 3.23). The new criterion has less restriction for σ3 
than the classical Hoek-Brown criterion. 
 
Table 3.9 Fitting results for different criterions 
Rocks General form of new criterion Hoek-Brown criterion  Simple form of new criterion 
 B1 B2 r
2 σ3 (MPa) mi r
2 σ3 (MPa)  B1 B2 r
2 σ3 (MPa) 
Ki-II 35.82 -87.92 0.998 0 < σ3 < 39 22.34 0.964 0 < σ3 < 97 24.77 0 0.969 0 < σ3 < 1980 
IL-A 7.20 -0.08 1.000 0 < σ3 < 110 5.01 0.997 0 < σ3 < 22 7.17 0 1.000 0 < σ3 < 115 
IL-B 7.07 -0.74 0.999 0 < σ3 < 74 2.65 0.939 0 < σ3 < 22 6.20 0 0.995 0 < σ3 < 100 
Ki-II is Kirchberg II granite, IL-A is Indiana limestone (A) and IL-B is Indiana limestone (B). 
 
 
 (a) (b) 
Figure 3.23 Failure criterion for conventional triaxial compression tests: (a) Kirchberg II granite, 
(b) Indiana limestone 
 
Fitting results obtained by Eq. (3.23) and the classical Hoek-Brown criterion are shown in Figure 
3.23. From the physical point of view, the new proposed failure criterion is advantageous because 
it is based on energy considerations. 
 
3.4.1.3 Mode-I and Mode-II fracture toughness tests for Kirchberg II granite 
 
In order to determine Mode-I and Mode-II fracture toughness of Kirchberg II granite, CCNBD 
(Figure 3.24b) and CSTBD (Figure 3.24c) specimens whose diameter is 75 mm are tested by the 
rock mechanical test system MTS 20/M (Figure 3.25). Figure 3.24a shows CSTBD specimen in 
the first two rows and CCNBD specimen in the last two rows.  
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According to ISRM suggested method for determining Mode-I fracture toughness using CCNBD 
specimens (Fowell et al., 1995), all the tests are run under load control, two unloading-reloading 
cycles are performed up to about 20 % of the maximum load to make a perfect contact between 
loading plates and the specimen. Failure occurs within 20 sec of initial load application. 
 
   
 (a) (b) (c) 
Figure 3.24 Kirchberg II granite specimens for fracture toughness tests: (a) all specimens, (b) 
CCNBD, (c) CSTBD 
 
 
Figure 3.25 MTS 20/M test system 
 
For CSTBD specimen, the non-dimensional coefficients and loading angles for Mode-I and 
Mode-II conditions which are calculated by Eqs. (2.15) - (2.23) (Dong et al., 2004) are compared 
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with the results from other researchers (see Table 3.10 and Table 3.11). The results from 
Atkinson et al. (1982) which were calculated by the first five items are only valid when α ≤ 0.6. 
 
Table 3.10 Non-dimensional coefficients for Mode-I conditions 
α 
 
 
NI 
Dong et al.  
(2004) 
NI 
Tada et al.  
(1985) 
NI 
Atkinson et al.  
(1982) 
Relative  
difference  
(%) 
Relative  
difference 
(%) 
0.1 1.0167 1.0158 1.0150 0.09 0.17 
0.2 1.0629 1.0602 1.0600 0.26 0.27 
0.3 1.1368 1.1352 1.1356 0.14 0.11 
0.4 1.2415 1.2431 1.2431 0.13 0.13 
0.5 1.3844 1.3877 1.3872 0.24 0.20 
0.6 1.5785 1.5777 1.5783 0.05 0.01 
0.7 1.8465 1.8386 - 0.43 - 
0.8 2.2443 2.2413 - 0.13 - 
0.9 3.0129 3.0378 - 0.83 - 
 
Table 3.11 Non-dimensional coefficients and loading angles for Mode-II conditions 
α θ 
Dong et al.  
(2004) 
NII 
Dong et al.  
(2004) 
θ 
Atkinson et al.  
(1982) 
NII 
Atkinson et al.  
(1982) 
Relative  
difference  
(%) 
Relative  
difference  
(%) 
0.1 29.67 1.7469 29.67 1.7465 0.00 0.02 
0.2 28.72 1.7907 28.72 1.7906 0.00 0.01 
0.3 27.23 1.8640 27.23 1.8663 0.00 0.12 
0.4 25.27 1.9715 25.27 1.9763 0.00 0.24 
0.5 22.93 2.1260 22.93 2.1290 0.00 0.14 
0.6 20.51 2.3591 20.12 2.3468 1.90 0.52 
0.7 18.10 2.7066 - - - - 
0.8 15.88 3.2479 - - - - 
0.9 13.99 4.3000 - - - - 
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For CCNBD specimen, the ISRM suggested method (Fowell et al. 1995) is only suitable for 
calculating the Mode-I fracture toughness. Therefore, a new method using CCNBD specimen for 
estimating the Mode-II fracture toughness is proposed based on some assumptions and 
Eqs. (2.15) - (2.23). According to the failure trajectories of different rocks specimens 
(Figure 3.26), the crack initiates from the tip of notch in CSTBD specimens (Figure 3.26d-f) and 
initiates from the tip of chevron and then intersects with notch in different positions such as tip of 
notch (Figure 3.26a) and close to the tip of chevron (Figure 3.26b) in CCNBD specimens. The 
idealized failure trajectories of specimens in Mode-II conditions concluded from lab testing 
phenomena are shown in Figure 3.27. Therefore, the upper and lower limiting values of non-
dimensional coefficients are introduced to estimate the Mode-II fracture toughness for CCNBD 
specimens. NI(F1) and NII(F1) correspond to failure 1 (Figure 3.27) and represent the lower threshold. 
NI(F3) and NII(F3) corresponding to failure 3 represent the upper threshold. NI(F2) and NII(F2) 
corresponding to failure 2 represent possible actual values. For CSTBD specimens, NI and NII 
corresponding to failure 4 represent actual values. 
 
 
Figure 3.26 Failure trajectories of specimens in Mode-II conditions for Kirchberg II granite: (a-c) 
are CCNBD, (d-f) are CSTBD 
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Table 3.13 Test results for CCNBD specimens 
θ No. αB α1 α0 minY  NI(F3) NII(F3) NI(F1) NII(F1) Pmax 
(kN) 
KI KII(F3) 
(MPa/m0.5) 
KII(F1) 
 
0° 1-1 0.69 0.61 0.33 0.8159 - - - - 9.860 1.15 - - 
1-2 0.70 0.61 0.32 0.8077 - - - - 9.664 1.11 - - 
1-3 0.70 0.61 0.32 0.8115 - - - - 10.060 1.14 - - 
19.5° 1-1 0.69 0.61 0.32 - 0.0956 2.3488 0.4988 1.5311 10.182 - 2.13 1.01 
1-2 0.69 0.61 0.33 - 0.0956 2.3488 0.4935 1.5489 10.440 - 2.20 1.06 
1-3 0.70 0.61 0.32 - 0.0956 2.3488 0.4988 1.5311 9.785 - 2.05 0.96 
The meanings of α, α0, α1, and αB are explained in section 2.1.1.2. KII(F3) and KII(F1) are Mode-II 
fracture toughness values corresponding to failure 3 and failure 1 (Figure 3.27), respectively. 
 
Mode-I and Mode-II fracture toughness test results are shown in Figure 3.28. Obviously, the test 
results obtained from CCNBD are bigger than those from CSTBD for Mode-I fracture toughness 
and the average relative difference between them is about 20.45 %. Mode-II fracture toughness 
test results obtained from CSTBD are between lower and upper threshold values obtained from 
CCNBD. Under conservative considerations, the fracture toughness test results from CSTBD can 
used for safety and stability evaluations in rock engineering. 
 
 
 (a) (b) 
Figure 3.28 Mode-I and Mode-II fracture toughness test results of CCNBD and CSTBD 
specimens for Kirchberg II granite: (a) Mode-I fracture toughness, (b) Mode-II fracture toughness 
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3.4.1.4  Fracture patterns of Eibenstock II granite under compressive load 
 
Understanding the fracture patterns of rock under different load is helpful for analyzing and 
estimating the crack propagation in rock structures. A simple way to investigate the fracture 
pattern is observing the fracture of CSTBD specimen under compressive load with variation of θ. 
The CSTBD specimens of Eibenstock II granite are shown in Figure 3.29. Specimens shown on 
the right side are tested with loading angle θ equal to 0°, 19.5°, 30°, 45°, 60°, 75° and 90°, 
respectively. The dimensions of specimens and corresponding maximum loads are listed in 
Table 3.14. The maximum load is changing with variation of θ and even at the same θ, the 
maximum loads for two specimens are different due to the heterogeneity in rocks. The fracture 
pattern of specimens will be discussed together with results of numerical simulations in the next 
section. 
 
Table 3.14 Dimensions and maximum loads for CSTBD specimens of Eibenstock II granite 
θ No. 2R (mm) B (mm) 2a (mm) α Pmax (kN) 
0° 1 74.14 25.70 45.30 0.61 3.179 
2 74.09 25.79 45.48 0.61 3.500 
19.5° 1 74.77 26.16 45.25 0.61 4.966 
2 74.03 25.87 45.24 0.61 3.145 
30° 1 74.09 25.96 45.14 0.61 3.316 
2 74.06 26.02 45.06 0.61 3.596 
45° 1 74.03 25.66 45.12 0.61 2.837 
2 74.01 25.76 45.14 0.61 3.105 
60° 1 74.07 25.65 45.06 0.61 3.818 
2 74.06 25.77 44.99 0.61 4.090 
75° 1 74.05 25.64 45.29 0.61 4.453 
2 74.09 25.61 45.48 0.61 4.549 
90° 1 74.04 25.50 44.99 0.61 2.908 
2 74.06 25.84 45.10 0.61 4.300 
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Figure 3.29 CSTBD specimen of Eibenstock II granite 
 
3.4.2 Simulation of lab tests using heterogeneous model 
 
Triaxial compression tests as well as Mode-I and Mode-II fracture toughness tests for Kirchberg 
II granite and fracture patterns tests for Eibenstock II granite were back analyzed with the 
heterogeneous numerical models.  
 
3.4.2.1 Mineral distribution based on digital images 
 
There are several ways to set up numerical models at the grain size level considering rocks 
composed of several mineral components. One way is to build numerical models according to 
information fetched from digital images of rock specimen. Another way is to randomly distribute 
the minerals in specimen according to quantitative analysis results of mineral compositions (this 
method has been realized for simulating LdB granite).  
 
Digital images of specimens contain a lot of information, e.g. different colors represent different 
mineral components. Therefore, the gray scale values (information from black-and-white photos) 
which correspond to different minerals can be extracted from such figures and converted into a 
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As an alternative, numerical models were built by random distribution of mineral components 
inside the specimen (Figure 3.32) according to the different percentages of minerals obtained 
from the analysis given above. 
 
3.4.2.2 Simulation of triaxial compression tests  
 
The block and contact parameters are calibrated by a series of basic simulations for uniaxial 
compression, triaxial compression and fracture toughness tests (Table 3.15 & 3.16).  
 
Table 3.15 Mineral grain parameters (result of calibration) 
Mineral Elastic Modulus 
(GPa) 
Poisson’s 
Ratio 
 
Biotite 25 0.22  
Feldspar 52 0.19  
Quartz 81 0.16  
 
Table 3.16 Contact parameters for Kirchberg II granite (result of calibration) 
Contact kn 
(Pa/m) 
ks/kn 
(-) 
J T 
(MPa) 
JrT 
(MPa) 
J C 
(MPa) 
JrC 
(MPa) 
φ 
(°) 
φr/φ 
(-) 
Biotite/Biotite 2.85E+14 1 19 0 37 0 38 0.01 
Feldspar/Feldspar 5.71E+14 1 23 0 52 0 48 0.01 
Quartz/Quartz 8.63E+14 1 26 0 62 0 58 0.01 
Biotite/Feldspar 4.28E+14 1 21 0 44.5 0 43 0.01 
Biotite/Quartz 5.74E+14 1 22.5 0 49.5 0 48 0.01 
Feldspar/Quartz 7.17E+14 1 24.5 0 57 0 53 0.01 
 
Figure 3.33 shows the curves of vertical stress versus vertical strain of Kirchberg II granite under 
different confining pressures. The peak loads for confining pressures of 10, 20 and 30 MPa are 
272.63, 385.06 and 480.47 MPa, respectively. Comparison with lab test results shows 
corresponding relative errors of 12.64 %, 1.03 % and 15.22 %, respectively. The elastic modulus 
of the whole numerical model is about 58.65 GPa. Relative error is 6.37 % compared with lab 
test result (62.64 GPa). First, vertical stress increases linearly with growing vertical strain 
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followed by nonlinear growth until the peak of vertical stress is reached. After peak stress is 
reached, dramatic stress drop with further increase in deformation is observed (brittle softening). 
Obviously, the peak vertical stress rises nonlinearly with growth of confining pressure. 
 
 
Figure 3.33 Simulation results of triaxial compression tests for Kirchberg II granite 
 
Figure 3.34 shows the damage process at different loading stages as marked in Figure 3.33. There 
are some similarities concerning the damage process and failure pattern of specimens under 
different confining pressures, e.g. the macroscopic cracks are formed due to accumulation and 
propagation of many small cracks and the shear bands emerge in the diagonal orientation, which 
finally leads to macroscopic failure of specimens. The vertical stress at stage ‘a30-1’, ‘a20-1’ and 
‘a10-2’ decreases (see Figure 3.33), but the number of fractures in stage ‘a30-1’, ‘a20-1’ and 
‘a10-2’ increases (see Figure 3.34). Therefore, it can be concluded that the confining pressure has 
a positive effect (reduction of damage). This conclusion has been verified by the triaxial lab tests 
of Kirchberg II granite. In addition, for these loading stages, many vertical micro tensile cracks 
occur first, which is followed by development of shear bands. 
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3.4.2.3 Simulations of Mode-I and Mode-II fracture toughness tests  
 
Numerical models were set-up to reproduce CSTBD specimen. All the block and contact 
parameters are chosen from Table 3.15 & 3.16. Simulation results for load-strain curves of Mode-
I and Mode-II fracture toughness tests are shown in Figure 3.35 and the corresponding fracture 
patterns at different loading stages are shown in Figure 3.36. Vertical tensile crack is observed 
during Mode-I testing, whereas wing crack is observed during Mode-II fracture toughness tests. 
All cracks are initiated at the notch tips and propagate towards the loading points until failure of 
specimens. During Mode-II fracture toughness test, the cracks propagate first as pure shear cracks 
(a-2 in Figure 3.36) from notch tips, but change later orientation and develop further as tensile 
cracks (b-2 in Figure 3.36), so that finally the typical wing-shape becomes visible. 
 
  
 (a) (b) 
Figure 3.35 Load strain curves of Mode-I and Mode II fracture toughness tests for Kirchberg II 
granite: (a) Mode-I, (b) Mode-II 
 
The simulation values of fracture toughness are calculated as follows: 
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Figure 3.36 Fracture patterns at different load levels according to Figure 3.35 
 
3.4.2.4 Simulation of facture patterns of Eibenstock II granite 
 
The block parameters for the numerical model of Eibenstock II granite are chosen from 
Table 3.15 and the contact parameters obtained by calibration are listed in Table 3.17. The values 
of φr/φ and ks/kn in Table 3.17 are different from those in Table 3.16. Actually, this difference 
should be relatively small (both data sets represent granites). However, it was not possible to 
duplicate all the observed features in the same quality for these two types of granite with nearly 
the same parameter set. The ratio of φr/φ has strong influence on the softening behavior, whereas 
the ratio ks/kn has pronounced influence on the fracture pattern. Depending on the whether the 
focus is on the fracture pattern or the stress-strain-curve in the post-failure region, the 
corresponding parameter combinations with best fit were chosen. The simulation results and 
analysis for fracture patterns of Eibenstock II granite are given below. 
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Table 3.17 Contact parameters for Eibenstock II granite (result of calibration) 
Contact kn 
(Pa/m) 
ks/kn 
(-) 
J T 
(MPa) 
JrT 
(MPa) 
J C 
(MPa) 
JrC 
(MPa) 
φ 
(°) 
φr/φ 
(-) 
Biotite/Biotite 2.85E+14 0.2 13 0 27 0 35 0.5 
Feldspar/Feldspar 5.71E+14 0.2 17 0 42 0 45 0.5 
Quartz/Quartz 8.63E+14 0.2 20 0 52 0 55 0.5 
Biotite/Feldspar 4.28E+14 0.2 15 0 34.5 0 40 0.5 
Biotite/Quartz 5.74E+14 0.2 16.5 0 39.5 0 45 0.5 
Feldspar/Quartz 7.17E+14 0.2 18.5 0 47 0 50 0.5 
 
 
Figure 3.37 Fracture patterns at different θ for CSTBD specimen of Eibenstock II granite 
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Figure 3.38 shows simulated fracture patterns at different θ for CSTBD specimen of 
Eibenstock II granite. The fracture patterns are similar to those obtained by lab tests. Cracks 
propagate from notch tips towards loading points for θ = 0°, 19.5° and 30°. The intersections of 
cracks and notch are gradually moving towards the central part of the specimen for θ ranging 
from 45° to 90°. It can be concluded that the numerical model can predict fracture patterns of 
granite specimen under different loading conditions in a quite impressive way. 
 
3.5 Time-independent damage indices in the pre-failure range 
 
The damage index is defined by the ratio of failed contacts versus maximum number of failed 
contacts at peak load.  
 
maxc
c
n N
ND   (3.25) 
 
where Nc is the current number of failed contacts at considered loading stage and Ncmax is the 
maximum number of failed contacts at peak load. 
 
3.5.1 Damage index for uniaxial compression tests 
 
Figure 3.39 shows the damage index and vertical stress versus vertical strain of LdB granite and 
Coconino sandstone for uniaxial compression tests in the pre-failure range. Coconino sandstone 
and LdB granite were simulated using a homogeneous and heterogeneous model. ‘a1’ and ‘a2’ 
mark the points of crack initiation, ‘c1’ and ‘c2’ indicate dramatic acceleration of damage index 
and ‘b1’ and ‘b2’ indicate peak load for LdB granite and Coconino sandstone, respectively. The 
damage index grows slowly from ‘a1’ to ‘c1’ and then increases quickly after ‘c1’. For LdB 
granite the corresponding vertical stresses at ‘a1’ and ‘c1’ are 0.42σc and 0.79σc. These values are 
close to those obtained by Eberhardt et al. (1999) showing that the crack initiation and crack 
damage thresholds for LdB granite are observed at 0.39σc and 0.75σc. The damage indices at ‘a1’ 
and ‘c1’ are 0.006 and 0.132, respectively. For Coconino sandstone, the vertical stresses at ‘a2’ 
and ‘c2’ are 0.17σc and 0.96σc and the damage indices at ‘a2’ and ‘c2’ are 0.003 and 0.851, 
respectively. However, the crack damage threshold of Coconino sandstone cannot be recognized 
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at 0.96σc. The growth rate of damage index between ‘a2’ and ‘c2’ is considerable high (the 
damage threshold may exist between ‘a2’ and ‘c2’) and the damage accumulation is nearly linear 
during this process, which is totally different compared with LdB granite. In addition, the curves 
of vertical load versus vertical strain also show significant differences between Coconino 
sandstone and LdB granite. 
 
   
 (a) (b) 
Figure 3.39 Uniaxial compression tests of LdB granite and Coconino sandstone: (a) damage 
index versus vertical strain, (b) vertical stress versus vertical strain 
 
3.5.2 Damage index for Brazilian tests 
 
Figure 3.40 shows the damage indices and load versus vertical strain curves of LdB granite and 
Coconino sandstone for Brazilian tests in the pre-failure range. ‘a1’ and ‘a2’ mark the points of 
crack initiation, ‘c1’ and ‘c2’ indicate the onset of dramatic acceleration of damage and ‘b1’ and 
‘b2’ indicate the points of peak load for LdB granite and Coconino sandstone. The loads for LdB 
granite at ‘a1’ and ‘c1’ are 0.342Pmax and 0.991Pmax. The corresponding damage indices at ‘a1’ 
and ‘c1’ are 0.015 and 0.092. For Coconino sandstone, the loads at ‘a2’ and ‘c2’ are 0.426Pmax 
and 0.992Pmax, and the corresponding damage indices are 0.019 and 0.568. Considering that for 
LdB granite, the damage index is only 0.092 when load is 0.991Pmax, but for Coconino sandstone, 
the damage index is 0.568 under the load of 0.992Pmax, it can be concluded that brittleness of 
LdB granite is much stronger compared to Coconino sandstone. 
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 (a) (b) 
Figure 3.40 Brazilian tests of LdB granite and Coconino sandstone: (a) damage index versus 
vertical strain, (b) load versus vertical strain 
 
3.5.3 Damage index for Mode-I and Mode-II fracture toughness tests 
 
Figure 3.41 shows damage index and load versus vertical strain curve of LdB granite and 
Coconino sandstone for Mode-I and Mode-II fracture toughness tests in the pre-failure range. The 
different symbols have the same meaning with that mentioned above. For LdB granite, under 
Mode-I conditions the damage indices at ‘a1’ and ‘c1’ are 0.009 and 0.090, respectively, and the 
corresponding loads are 0.368Pmax and 0.932Pmax. Under Mode-II conditions the damage indices 
at ‘a1’ and ‘c1’ are 0.009 and 0.055, respectively, and the corresponding loads are 0.390Pmax and 
0.867Pmax. For Coconino sandstone, under Mode-I conditions the damage indices at ‘a2’ and ‘c2’ 
are 0.015 and 0.444, respectively, and the corresponding loads are 0.661Pmax and 0.996Pmax. 
Under Mode-II conditions the damage indices at ‘a2’ and ‘c2’ are 0.022 and 0.276, respectively, 
and the corresponding loads are 0.691Pmax and 0.995Pmax. The much stronger brittleness of 
granite compared with sandstone becomes obvious again.   
 
The evolution of damage indices during Brazilian, Mode-I and Mode-II fracture toughness tests 
show similar tendencies for the same type of rock. 
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 (a) (b) 
  
 (c) (d) 
Figure 3.41 Mode-I and Mode-II fracture toughness tests of LdB granite and Coconino sandstone: 
(a) damage index versus vertical strain for Mode-I, (b) load versus vertical strain for Mode-I, (c) 
damage index versus vertical strain for Mode-II, (d) load versus vertical strain for Mode-II 
 
3.5.4 Damage index for triaxial compression tests 
 
Figure 3.42 shows the simulation results of damage index evolution in the pre-failure range for 
Kirchberg II granite during triaxial compression tests. ‘C1, C2 and C3’ are the reversal points of 
volumetric strain under confining pressures of 10, 20 and 30 MPa, respectively. ‘b1, b2 and b3’ 
indicate the peak load under confining pressures of 10, 20 and 30 MPa, respectively. Dn slightly 
grows before the reversal point of volumetric strain and then suddenly grows until failure of the 
sample (Dn = 1). At the reversal point of volumetric strain, Dn is 0.12, 0.11 and 0.16 under 
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confining pressures of 10, 20 and 30 MPa, respectively, and the corresponding average Dn is 0.13. 
Compared to lab testing results, it can be concluded that DE < Dn < DW at the damage acceleration 
point. Similar to lab testing results, specimens subjected to higher confining pressure show less 
damage under the same vertical load. 
  
 
 (a) (b) 
Figure 3.42 Damage evolution of Kirchberg II granite during triaxial compression tests: (a) 
damage index versus vertical stress, (b) vertical stress versus vertical strain 
 
3.6 Conclusions 
 
Based on lab tests and corresponding numerical micromechanical simulations using the discrete 
element method the following conclusions can be drawn.   
 
First, the impact of block and contact parameters on the mechanical behavior of the numerical 
models has been analyzed. It was found that the elastic modulus of numerical models is mainly 
controlled by kn, ks, μb and Kb, whereas the Poisson’s ratio is mainly controlled by kn, ks and μb. 
The uniaxial compressive strength of numerical models is mainly controlled by J T, J C, φ, kn and 
ks, whereas tensile strength, Mode-I and Mode-II fracture toughness of numerical models are 
mainly controlled by J T and J C.  In addition, φr/φ has strong influence on the stress drop in the 
post-failure region. ks/kn has pronounced influence on fracture pattern. 
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Second, based on the assumption that Coconino sandstone can be considered as a nearly 
homogeneous material and LdB granite is characterized by pronounced heterogeneity (different 
mineral components), corresponding homogeneous and inhomogeneous models at the grain size 
level were set-up. Both types of models are composed by elastic small mineral grains connected 
by elasto-plastic contacts.  Shear band evolution, diametric main crack development with several 
small branches, and macroscopic cracks connecting crack tips and loading points were observed 
at the failure stages of uniaxial compression, Brazilian, and fracture toughness test simulations, 
respectively. The heterogeneous model (granite) showed significant stronger nonlinear 
mechanical behavior than homogeneous model (sandstone).  
 
Third, according to the theory of energy conservation and some observations from triaxial 
compression tests, a new failure criterion is proposed. Damage indices describing the degradation 
of tangential modulus and increase of dissipation energy were introduced to evaluate and predict 
the evolution of damage in the pre-failure range for Kirchberg II granite. Both, the amount of 
dissipation energy and the damage process increase slowly before the reversal point of volumetric 
strain, but accelerate dramatically afterwards. At the same vertical load, an increase of confining 
pressure will reduce the damage. Fracture toughness tests for Kirchberg II granite and fracture 
pattern tests for Eibenstock II granite were carried out. It was found that the test results obtained 
from CCNBD are bigger than those obtained from CSTBD for Mode-I fracture toughness. The 
test results obtained from CSTBD are between lower and upper limit values from CCNBD for 
Mode-II fracture toughness and the new cracks will not initiate from the notch tips when the 
stress intensity factors around the notch tips are negative. The corresponding numerical 
simulations for Kirchberg II granite and Eibenstock II granite revealed not only reasonable 
mechanical behaviour at the macro-scale, but also resulted in a deeper understanding of the 
failure processes at the micro- and meso-scale.  
 
Fourth, time-independent damage indices for different rock mechanical tests and numerical 
simulations were developed. The damage indices grow slowly at the beginning and suddenly 
increase after reversal point of volumetric strain or crack damage threshold in uniaxial 
compression tests. It was concluded that the brittle characteristics of Ldb granite are more 
pronounced than those of Coconino sandstone according to simulation results of Brazilian, 
Mode-I and Mode-II fracture toughness tests. Specimens subjected to higher confining pressure 
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show less damage under the same vertical load according to simulation and lab testing results of 
triaxial compression tests. 
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4 Time-dependent damage analysis 
 
4.1 Introduction 
 
Apart from considering the instantaneous (time-independent) stability and safety of rock 
structures, the long-term serviceability and stability is also a key concern. It is well known that 
creep or static fatigue of rocks is a phenomenon characterized by increasing deformation and 
ongoing damage at a load level below the short-term strength (e.g. Heap 2009). For brittle rocks, 
this time-depending damage process can be explained by the theory of subcritical crack growth. 
 
In this chapter, the implementation of subcritical crack growth theory into the numerical code is 
described and the influence of subcritical crack growth parameters are analyzed through a series 
of numerical simulations. Then, the theoretical calculation results for lifetime (time to failure) of 
Coconino sandstone specimen under constant tensile load are compared with numerical 
simulation results. Uniaxial compressive creep tests for LdB granite are simulated via the 
heterogeneous model and the time-dependent damage during creep process is investigated. 
Finally, CSTBD and cylindrical specimen of Kirchberg II granite were used to perform time-
dependent Mode-I crack growth and uniaxial creep tests for lifetime prediction. These lab tests 
are back analyzed by corresponding numerical simulations. 
 
4.2 Implementation of subcritical crack growth algorithm 
 
In order to simulate time-dependent damage due to subcritical crack growth and to predict 
lifetime of rocks two different algorithms (Charles and Hillig-Charles equations) on the basis of 
subcritical crack growth theory were implemented into UDEC. Lifetime is defined as time to 
failure under constant load. Under more complicated conditions lifetime can be considered as 
time elapsing until begin of tertiary creep phase. 
 
4.2.1 Implementation of Charles equation 
 
Figure 4.1 shows a homogenous and heterogeneous model of rock in which the white lines 
represent the original microcracks (microdefects) occurring at the contact interface. The density 
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of microcracks in rocks can be studied by optical microscopy, hydrostatic compression tests, 
permeability measurements, scanning electron microscope analysis, differential strain analysis 
and computerized tomography examinations (Simmons et al. 1974; Alm et al., 1985; Renner et 
al., 2000; Ren and Ge, 2004; Wong and Einstein, 2009). In addition, the seismic properties (wave 
speed) of rocks can also be used to analyse crack characteristics (eg. Crampin et al., 1980; 
Peacock and Hudson, 1990). However, according to the measurements and observations in some 
rocks, the sophisticated distribution of microcracks is complicated to detect and difficult to 
describe in detail. In this research, it is assumed that the original microcracks are uniformly 
distributed in each contact with length ranging from 0 mm to C × Li mm (for each contact the 
value of C is randomly created following a uniform distribution).  
 
            
 (a) (b) 
Figure 4.1 Numerical model of rock with randomly distributed microcracks: (a) homogeneous 
model, (b) heterogeneous model 
 
In order to simulate subcritical crack growth and to predict time-dependent damage process, 
Charles equation is considered with the following assumptions: 
    Stress corrosion affects only the contacts and not the rock matrix. Therefore, subcritical 
cracks can only propagate along the edges of the Voronoi blocks.  
    The growth of subcritical cracks lead to a time-dependent reduction of tensile and 
cohesive strength at the corresponding contacts, so that degradation rates at the contacts 
are stress- and time-dependent. 
    The degradation for tensile strength and cohesive strength of the contact is only 
influenced by tensile and shear stresses at the contacts. 
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For Mode-II crack: 
 





















II
II
IIc
IIi
II2
IIc
IIi
II1
n
i
C
i
n
i
T
i
K
K
A
dt
dJ
K
K
A
dt
dJ


 (4.4) 
 
where 2IIi ii aK  ,  i si i iF L a   , siF is the shear force at contact i , IIiK  is the Mode-II 
stress intensity factor of crack at contact i  and i  is the average shear stress at the contact. 
 
For mixed-mode crack, the subcritical crack growth velocity is obtained using the superposition 
principle proposed by Wu et al. (2008) for mixed-mode subcritical crack growth in orthotropic 
polymers and by Konietzky et al. (2009) for lifetime prediction for rocks under static 
compressive and tensile loads. The strength degradation equation is expressed as: 
 


















































III
III
IIc
IIi
II
Ic
Ii
I2
IIc
IIi
II
Ic
Ii
I1
nn
i
C
i
nn
i
T
i
K
K
A
K
K
A
dt
dJ
K
K
A
K
K
A
dt
dJ


 (4.5) 
 
The stress intensity factors are calculated from theoretical solutions for mixed-mode cracks (Tada 
et al., 2000): 
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where mi  is the average stress at contact i , βi is the inclination angle shown in Figure 4.3, and 
niF  and siF are the normal tensile and shear force at contact i , respectively. 
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Figure 4.4 Flowchart for time-dependent damage simulation by Charles equation 
 
The decrease of contact strength with time is ruled by Eqs. (4.3) - (4.5). Subcritical crack growth 
takes places with extremely low speed. After a certain period of time, whenever the fracture 
toughness is reached, the crack growth velocity suddenly approaches that of sound which may 
cause sudden failure. The stresses around this failed contact get redistributed which may cause 
further local stress concentrations, and the strength degradation at neighboring contacts 
accelerates. The failure criterion at contacts is given as follows: 
Calibration of heterogeneous time independent model using          
σc, E, μ, σt, KIc, KIIc 
Start subcritical cracks growth simulation 
Add initial and boundary conditions 
Contacts strengths degradation according 
to Eqs. (4.3)-(4.5) 
Check: ai ≥ Li or  
KIi ≥ KIc or KIIi ≥ KIIc  
Contacts fail, cracks emerge or increase, 
and stresses redistribute 
If yes 
If not Continue 
New state after a period of time 
  Stop  
t < tf : 
t + Δtb 
 t ≥ tf 
 
t + Δtb 
t < tf 
t ≥ tf 
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The calculation scheme is illustrated in the flowchart shown in Figure 4.4, where σc is the 
uniaxial compressive strength (UCS), E is elastic modulus, μ is Poisson's ratio, σt is tensile 
strength of rock, t is elapsed time, Δtb is time step, and tf is lifetime (or final elapsed time) of the 
rock. 
 
4.2.2 Implementation of Hillig-Charles equation 
 
The implementation of Hillig-Charles equation is based on the following assumptions: 
    Stress corrosion only affects contacts and not the rock matrix. Therefore, cracks can only 
propagate along the edges of the Voronoi blocks.  
    Stress corrosion leads to a time-dependent reduction of tensile and cohesive strengths at 
the contacts. The degradation for tensile strength and cohesive strength of the contact is 
only influenced by tensile and shear stress in the contact. 
    Degradation rates at contacts are stress-dependent and time-dependent. The contact fails 
whenever stress in the contact reaches strength limit of the contact. 
 
Taking into account the above mentioned assumptions and Eqs. (2.40) & (2.41), the degradation 
rates can be described as follows:   
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where Ji
T and Ji
C are tensile and cohesive strengths at the contact i , respectively, λ1i and λ2i are 
constants describing degradation of tensile strength and cohesive strength versus subcritical crack 
growth velocity, respectively, vt and vc are crack growth velocities governed by the level of 
tensile and shear stress in the contact, i ni iF L   and i si iF L   are average tensile and shear 
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stresses at the contact, niF  and siF  are tensile and shear forces at the contact (the tensile force of 
contact is negative in UDEC), and Li is the contact length. 
 
 
Figure 4.5 Flowchart for time-dependent damage simulation by Hillig-Charles equation 
 
Assuming that   TRVEit mev 000011
  ,   TRVEis mev 000021
  , TRVt 02   and TRVss 02  , 
and considering the constitutive model of the contacts, Equation (4.8) can be re-written: 
 
Calibration of heterogeneous time independent model using          
σc, E, μ, σt, KIc, KIIc 
 
Start subcritical cracks growth simulation 
Add initial and boundary conditions 
Contacts strengths degradation according 
to Eqs. (4.9)  
Check: Ti iJ  or 
max( )i i   
or IIc.IIiIcIi KKorKK   
Contacts fail, cracks emerge or increase, 
and stresses redistribute 
If yes 
If not Continue 
New state after a period of time 
  Stop  
t < tf : 
t + Δtb 
 
t ≥ tf 
t + Δtb 
t < tf 
t ≥ tf 
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where )(max i  is the shear strength at contact i . 
 
The contact strength decrease with time elapsing is ruled by Equation (4.9). After a certain period 
of time, the contact strength degrading velocity approaches infinite, meaning sudden failure at the 
contact. The stresses around this failed contact will be redistributed and may cause further local 
stress concentrations, so that strength degradation at neighboring contacts will accelerate. The 
calculation scheme is illustrated in the flowchart shown in Figure 4.5. 
 
4.3 Parameters analysis for subcritical crack growth  
 
4.3.1 Influence of parameters in Charles equation 
 
According to Eqs. (4.3) - (4.5) which were derived from 2-dimensional Charles equation, 
subcritical crack growth and strength degradation of contacts have a relationship with AI, nI, AII 
and nII. In addition, the initial microcracks assumed to be randomly distributed in the contacts 
also have an effect on subcritical crack growth. Two simple numerical models describing pure 
tensile (Mode-I) and pure shear (Mode-II) tests are built to analyse the influence of these 
parameters on the lifetime (time to failure) of the specimen. The 50 mm long and 25 mm wide 
specimens with a horizontal contact line in the middle (Figure 4.6) are tested under Mode-I and 
Mode-II conditions. A constant tensile stress boundary is applied for the tensile test. For shear 
test, a changeable velocity and fixed displacement boundary are set for upper and lower part of 
the specimen, respectively. In order to keep a constant average shear stress in the contact line 
during simulation, the horizontal velocity decreases with increasing unbalance force and vice 
versa (servo-mechanism). The input parameters for the numerical model are listed in Table 4.1. 
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 (a) (b) 
Figure 4.6 Boundary conditions for numerical models: (a) tensile test (Mode-I), (b) shear test 
(Mode-II) 
 
Table 4.1 Input parameters for pure tensile and pure shear tests 
Parameters Value Parameters Value 
kn 25000 GPa/m JrT 0 MPa 
ks 5000 GPa/m JrC 0 Mpa 
φ 40° ρ 2500 kg/m3 
φr 20° Gb 25.0 GPa 
J C 25 MPa Kb 28.4 GPa 
J T 15 MPa d2 0.002 m 
 
Figure 4.7 shows distribution of tensile stress in specimen and growth of macrocrack with time 
elapsing under 4.5 MPa constant tensile load. The subcritical parameters for this simulation are 
AI = 10-4 m/s, nI = 16, AII = 10-4 m/s and nII = 16. The length of initial microcrack is 0.2 mm. 
Stress concentration is observed around the crack tips and it can be concluded that the longer the 
crack, the more obvious the stress concentrations. When final crack passes through the specimen, 
the specimen fails and stresses release. The crack grows very slowly during a long period of time 
(only small length of crack is produced before 196192 s) and then suddenly increases until failure 
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The initial microcracks are distributed in every contact located in the middle horizontal line of the 
specimen. Figure 4.9 shows the influence of the average length of microcrack on the lifetime of 
the specimen. It can be concluded that the lifetime of the specimen decreases nonlinearly with 
increasing length of microcrack in both tensile and shear tests. The subcritical parameters for 
simulations shown in Figure 4.9 are AI = 10
-4 m/s, nI = 16, AII = 10
-4 m/s and nII = 16. The tensile 
and shear loads are 3.5 MPa and 10 MPa, respectively.  
 
In the following simulations (Figure 4.10 - Figure 4.13), the length of initial microcrack is 
0.2 mm and 0.3 mm for tensile tests and shear tests, respectively. Figure 4.10 shows lifetime of 
the specimen versus tensile and shear stress for different AI. Obviously, the lifetime of the 
specimen decreases nonlinearly with increasing load. AI has no effect on the lifetime in shear tests. 
The lifetime decreases with increasing AI in tensile tests. The other subcritical parameters for 
simulations shown in Figure 4.10 are nI = 16, AII = 10
-4 m/s and nII = 16. 
 
 
 (a) (b) 
Figure 4.10 Lifetime versus load for different AI: (a) tensile tests, (b) shear tests 
 
Figure 4.11 shows lifetime of the specimen versus tensile and shear stress for different nI. The 
lifetime of the specimen decreases with increasing load which is similar to the simulation results 
shown in Figure 4.10. nI only has effects on tensile tests and the lifetime increases with increasing 
nI. For tensile tests holds: the bigger the parameter nI, the steeper the lifetime-load curve. The 
other subcritical parameters for simulations shown in Figure 4.11 are AI = 10
-4 m/s, AII = 10
-4 m/s 
and nII = 16. 
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 (a) (b) 
Figure 4.11 Lifetime versus load for different nI: (a) tensile tests, (b) shear tests 
 
Figure 4.12 shows lifetime of the specimen versus tensile and shear stress for different AII. AII has 
only impact on shear tests and the lifetime decreases with increasing AII. The other subcritical 
parameters for simulations shown in Figure 4.12 are AI = 10
-4 m/s, nI = 16 and nII = 16. 
 
 
 (a) (b) 
Figure 4.12 Lifetime versus load for different AII: (a) tensile tests, (b) shear tests 
 
Figure 4.13 shows lifetime of the specimen versus tensile and shear stress for different nII. nII has 
influence only on shear tests and the lifetime increases with increasing nII. The lifetime-load 
curve becomes steeper with increasing nII. The other subcritical parameters for simulations shown 
in Figure 4.13 are AI = 10
-4 m/s, nI = 16 and AII = 10
-4 m/s. 
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 (a) (b) 
Figure 4.13 Lifetime versus load for different nII: (a) tensile tests, (b) shear tests 
 
The following conclusions can be drawn: 
    The lifetime of the specimen decreases with increasing length of initial microcracks. 
    AI and nI have only influence on tensile crack growth; lifetime of the specimen decreases 
with increasing AI and increases with increasing nI; the bigger nI, the steeper the lifetime-
load curve in tensile tests. 
    AII and nII have only influence on shear crack growth; lifetime of the specimen decreases 
with increasing AII and increases with increasing nII; the bigger nII, the steeper the lifetime-
load curve in shear tests. 
 
4.3.2 Influence of parameters in Hillig-Charles equation 
 
According to Eq. (4.9) for the 2-dimensional Hillig-Charles equation the parameters β1t, β2t, β1s 
and β2s are important for subcritical crack growth and degradation of contacts. In this section, 
these parameters are analysed based on pure tensile (Mode-I) and pure shear (Mode-II) tests. The 
basic input parameters are given in Table 4.1. 
 
Figure 4.14 shows lifetime of specimen versus load level for different β1t. β1t only effects tensile 
tests and lifetime decreases with increasing β1t. The other subcritical parameters for the 
simulations are β2t = 4.5 × 10
-6, β1s = 1.0 × 10
-5 Pa/s and β2s = 1.0 × 10
-6. 
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 (a) (b) 
Figure 4.14 Lifetime versus load level for different β1t: (a) tensile tests, (b) shear tests 
 
Figure 4.15 shows lifetime of the specimen versus load level for different β2t. β2t only effects 
tensile tests and lifetime decreases with increasing β2t. The lifetime-load curve becomes steeper 
with increasing β2t in tensile tests. The other subcritical parameters are β1t = 1.0 × 10
-5 Pa/s, 
β1s = 1.0 × 10
-5 Pa/s and β2s = 1.0 × 10
-6. 
 
 
 (a) (b) 
Figure 4.15 Lifetime versus load level for different β2t: (a) tensile tests, (b) shear tests 
 
Figure 4.16 shows lifetime of the specimen versus load for different β1s. β1s only effects shear 
tests and lifetime decreases with increasing β1s. The other subcritical parameters are 
β1t = 1.0 × 10
-5 Pa/s, β2t = 4.5 × 10
-6 and β2s = 1.0 × 10
-6. 
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 (a) (b) 
Figure 4.16 Lifetime versus load for different β1s: (a) tensile tests, (b) shear tests 
 
Figure 4.17 shows lifetime of the specimen versus load level for different β2s. β2s only effects 
shear tests and lifetime decreases with increasing β2s. The lifetime-load curve becomes steeper 
with increasing β2s in shear tests. The other subcritical parameters are β1t = 1.0 × 10
-5 Pa/s, 
β2t = 4.5 × 10
-6 and β1s = 1.0 × 10
-5 Pa/s. 
 
 
 (a) (b) 
Figure 4.17 Lifetime versus load level for different β2s: (a) tensile tests, (b) shear tests 
 
The following conclusions can be drawn from the series of tensile and shear simulations using 
the Hillig-Charles equation. 
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    β1t and β2t only have influence on tensile crack growth; lifetime of the specimen decreases 
with increasing β1t and β2t; the bigger β2t, the steeper the lifetime-load curve in tensile 
tests. 
    β1s and β2s only have influence on shear crack growth; lifetime of the specimen decreases 
with increasing β1s and β2s; the bigger β2s, the steeper the lifetime-load curve in shear tests. 
 
4.4 Simulation of sandstone based on homogeneous model 
 
4.4.1 Subcritical crack growth of one-edged crack under tensile load 
 
According to Tada et al., (2000), for a one-edged crack in a specimen (Figure 4.18a), the stress 
intensity factor is given by: 
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where Y is a non-dimensional coefficient depending on the specimen and crack dimensions, σ is 
the applied tensile stress, am is the length of initial macroscopic crack, and W is the width of the 
sample. 
 
Under the assumption of constant tensile stress σ, differentiation of Eq. (4.10) and consideration 
of equality with Eq. (2.38), the following expression is obtained: 
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and the equation is rearranged as follows: 
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When stress intensity factor KI equals the fracture toughness KIc, the corresponding critical crack 
length is amcr, crack growth velocity reaches the critical value and the sample fails suddenly. In 
order to calculate the lifetime (time to failure) of crack growth from am0 to amcr, we can first 
estimate amcr as follows: 
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Adopting the nonlinear iterative technique, the value of amcr can be obtained. The length range 
from am0 to amcr is divided into n parts, as shown in Figure 4.18b and the lifetime tf is calculated 
as follows: 
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4.4.2 Numerical simulation results 
 
For predicting the lifetime of a 50 mm long and 25 mm wide Coconino sandstone specimen 
under different conditions, a series of numerical simulations using Charles equation were carried 
out for comparison with theoretical results. The first test considers specimen under a constant 
tensile load of 2 MPa with different initial macroscopic crack lengths am0. The second test 
considers specimen under different tensile loads and am0 = 2.5 mm. The divided length interval is 
0.1 mm (ami - am(i-1) = 0.1). The relation between Yi and ami is shown in Figure 4.19. Lee (2007) 
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has obtained experimental values for subcritical crack growth parameters for Coconino sandstone: 
3.87 × 10-5 ≤ AI ≤ 1.41 × 10
-4 m/s (double torsion test), AII = 0.121 m/s (modified punch through 
shear test), 11.47 ≤ nI ≤ 28.13 and nII = 32.330 ± 27.200. For our calculations we selected 
AI = 1 × 10
-4 m/s, AII = 0.121 m/s, nI = 16 and nII = 25. According to Eqs. (4.15) - (4.16), 
theoretical results are listed in Table 4.2 & Table 4.3. 
 
 
Figure 4.19 Yi versus ami curve 
 
Table 4.2 Theoretical lifetime of Coconino sandstone specimen under 2 MPa tensile load for 
different am0 
Initial crack  
length (mm) 
Y0 Critical crack  
length (mm) 
Number of  
segments (n) 
Theoretical  
lifetime (s) 
2.5 1.185728 8.5 60 4.427×107 
3.5 1.248539 8.5 50 1.596×106 
4.5 1.327521 8.5 40 9.014×104 
5.5 1.421804 8.5 30 6.504×103 
6.5 1.532383 8.5 20 5.350×102 
7.5 1.662124 8.5 10 4.344×101 
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Table 4.3 Theoretical lifetime of Coconino sandstone specimen under different tensile loads and 
am0 = 2.5 mm 
Load  
(MPa) 
Y0 Critical crack 
length (mm) 
Number of 
segments (n) 
Theoretical 
lifetime (s) 
2 1.185728 8.5 60 4.427×107 
2.5 1.185728 7.0 45 1.246×106 
3 1.185728 5.9 34 6.739×104 
3.5 1.185728 4.9 24 5.717×103 
4 1.185728 4.2 17 6.723×102 
4.5 1.185728 3.6 11 9.987×101 
5 1.185728 3.1 6 1.660×101 
5.5 1.185728 2.6 1 1.259×100 
 
To minimize CPU time and to guarantee that the damage process is followed with sufficient 
precision, a changeable time step scheme is used for the simulations: 
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where Δtmin, Δtb and Δtmax are the minimum, actual and maximum time steps, respectively. Fu is 
the unbalanced force, b is the corresponding step number. For one-edged crack growth 
simulations the specified minimum and maximum time steps are Δtmin = 1.0 × 10
-5 s and 
Δtmax = 1.0 × 10
2 s. 
 
Figure 4.20 compares predicted lifetime obtained from numerical simulations and theoretical 
calculations for one-edged crack growth under tensile load of Coconino sandstone specimen. It 
can be summarized that the lifetime of specimen decreases as either initial macroscopic crack 
length increases or the load increases. For different average lengths of initial microcracks 0ia  
(microdefects), the lifetimes are different. Under unchanged load and macroscopic crack 
conditions, the smaller the 0ia , the longer the specimen can sustain. That means that the rock 
which has less initial microdefects will have a longer lifetime under a constant load. Besides, 
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there are some fluctuations visible in the simulation curves due to the size and distribution of 
blocks. 
 
 
 (a)  (b) 
Figure 4.20 Simulation and theoretical results of one-edged crack growth: (a) load σ = 2 MPa, (b) 
initial macro crack length am0 = 2.5 mm 
 
 
Figure 4.21 Number of failed contacts versus elapsed time for 0ia  = 0.27 mm, am0 = 4.5 mm and 
σ = 2 MPa 
 
 
Chapter 4 Time-dependent damage analysis  
 
100 
 
 
Figure 4.22 Macroscopic crack development for different stages according to Figure 4.21 
 
Number of failed contacts versus elapsed time for specimen under 2 MPa tensile load, 
0ia  = 0.27 mm and am0 = 4.5 mm is shown in Figure 4.21. The ‘a-e’ curve indicates the 
corresponding different fracture stages as illustrated in Figure 4.22. The number of failed contacts 
increases slowly in the beginning and is almost constant and small for a long period (from 0 to 
9.04908 × 104 s), which means that the cracks grow very slowly and no substantial development 
of macroscopic cracks is observed. When the subcritical crack growth velocity approaches the 
critical value, the number of failed contacts rises suddenly (Figure 4.21), the length of 
macroscopic crack increases dramatically and the specimen fails immediately (Figure 4.22, from 
9.11751 × 104 to 9.11752 × 104 s). 
 
4.5 LdB granite simulation based on heterogeneous model 
 
4.5.1 Uniaxial compressive creep test simulation 
 
Schmidtke and Lajtai (1985) have used 126 specimens of LdB granite to perform uniaxial 
compressive creep tests. The cylindrical specimen with a diameter of 37.1 mm was saturated 
before testing and kept submerged during testing at a temperature of 25°C. Numerical modelling 
considering expressions (4.3) - (4.5) for Charles equation and expression (4.9) for Hillig-Charles 
equation was performed and simulation results were compared with those obtained from the 
experiments. 
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(a) 
 
(b) 
Figure 4.23 Lab test (Schmidtke and Lajtai, 1985) and numerical simulation results for lifetime of 
LdB granite under different driving-stress ratios according to (a) Charles equation, (b) Hillig-
Charles equation 
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The simulation stops whenever the specimen can no longer resist the load and an abrupt increase 
in strain is observed. The lifetime is the total elapsed time during the process until macroscopic 
failure of the specimen. The changeable time step scheme described by Eq. (4.17) is used for the 
simulations. The time step parameters were set to Δtmin = 1.0 × 10
-5 s and Δtmax = 1.0 × 10
3 s. For 
Charles equation, the original microcracks are randomly distributed in each contact with length 
ranging from 0 mm to 0.2Li (Li is the length of contact i). The average value of Li for the whole 
numerical model of LdB granite is 0.3398 mm and the subcritical crack growth parameters are 
AI = AII = 1.0 × 10
-9 m/s and nI = nII = 20. For Hillig-Charles equation, the subcritical crack growth 
parameters are β1t = β1s = 1.0 × 10
-3 Pa/s and β2t = β2s = 1.0 × 10
-7. The other parameters are taken 
from Table 3.3 & 3.4. 
 
Results from lab tests (Schmidtke and Lajtai 1985) and numerical simulations with respect to 
lifetime for LdB granite under different driving-stress ratios are shown in Figure 4.23. The 
driving-stress ratio is defined by σu/σc (σu and σc are actual uniaxial compressive stress and 
uniaxial compressive strength, respectively). The data show, that lifetime of specimens decrease 
in a non-linear way with increasing driving-stress ratio. For different specimens under the same 
driving-stress ratio, there are variations in lifetime due to the heterogeneity of rock samples. 
 
Figure 4.24 shows simulation results of uniaxial compressive creep tests, which reveal primary, 
secondary and tertiary creep phases. The curves in Figure 4.24b & d are smoother than those in 
Figure 4.24a & c, because time steps change automatically in one case (Figure 4.24a & c) and are 
constant, that means equal to Δtmin, in the other case (Figure 4.24b & d). The introduction of 
changeable time steps is necessary whenever huge lifetime is expected, which is the case for low 
load levels. Lifetime increases in a strong non-linear manner with decreasing load.  
 
Figure 4.25 shows how contact failure (microcracks) and strain develop with ongoing time under 
constant load of 160 MPa. The rate of contact bond breakage (microcrack development) shows 
some correlation to the creep phases: the rate is relatively low in the secondary creep phase, but 
shows stronger values at the primary and tertiary creep phases.  
 
Exemplary, macrocrack (created by connected totally detached contacts) distribution inside the 
specimen for a load level of 160 MPa for different points in time according to Figure 4.25 is 
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shown in Figure 4.26. During the primary phase cracks emerge in a more random manner within 
the specimen (Figure 4.26b & g). Later, in the secondary creep phase, cracks grow further, 
interact with each other and form larger cracks mainly parallel to the maximum stress direction 
(Figure 4.26c-d & h-i). Finally, in the tertiary creep phase, massive crack interactions are 
observed and, in addition to large vertical cracks, shear band formation is observed until final 
macroscopic failure is noticed (Figure 4.26e & j). 
 
  
 (a) (b) 
 
 (c) (d) 
Figure 4.24 Strain vs. time for uniaxial creep simulations: (a) load range 140-160 MPa by 
Charles equation, (b) load range 200-220 MPa by Charles equation, (c) load range 140-160 MPa 
by Hillig-Charles equation, (d) load range 200-220 MPa by Hillig-Charles equation 
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 (a) 
 
 (b) 
Figure 4.25 Simulation results of uniaxial creep tests under 160 MPa according to (a) Charles 
equation, (b) Hillig-Charles equation 
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5.40834 × 10-1 s) and with less preference at the contacts between the same minerals (type 2: 
intra-granular microcrack at 5.40834 × 10-1 s). With time elapsing, more and more microcracks 
emerge, coalesce and form networks. Further detachment of failed contacts leads to the 
occurrence of macrocracks, which can be demonstrated by type 1 microcrack at 5.40834 × 10-1 s. 
It developed further into an open macrocrack at 1.87198 × 105 s. However, the crack is not 
always open during the process, but also has a state of closure (at 1.92612 × 105 s) due to the 
stress redistributions. As shown in Figure 4.27a, initially, the propagation of subcritical crack due 
to stress corrosion is time consuming (from 0.0000 s to 1.87198 × 105 s). Once the microcrack 
network has formed (that means stress concentration phenomenon is serious), the crack growth 
accelerates suddenly, and soon the macroscopic fracture network is created and causes failure of 
the specimen (from 1.92602 × 105 s to 1.92898 × 105 s). The subcritical crack growth simulated 
by Hillig-Charles equation shows similar characteristics as described above (Figure 4.27b). 
However, the specific distribution of cracks is different. Due to the different equations initial 
failed contacts appear at different positions, therefore the micro-mechanical stress state will be 
diverse and consequently the subcritical crack growth will be different. Nevertheless, the final 
fracture patterns simulated by these two different approaches show similarities, e.g. large vertical 
cracks parallel to loading direction and diagonal shear bands (shown in Figure 4.26e & j). 
 
The damage index evaluated by number of failed contacts is defined as: 
 
tc
ct
n N
N
D
max
  (4.18) 
 
where Nct is the actual number of failed contacts at elapsed time t and Ncmaxt is the maximum 
number of failed contacts at tf (time to failure). 
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 (a) (b) 
Figure 4.28 Damage index evaluated by number of failed contacts: (a) Charles approach, (b) 
Hillig-Charles approach 
 
4.6 Time-dependent damage of Kirchberg II granite  
 
4.6.1 Time-dependent lab tests 
 
Brittle rocks under load level smaller than ultimate strength will be damaged gradually with time 
elapsing due to subcritical crack growth. In this section, CSTBD and cylindrical specimen of 
Kirchberg II granite are used to perform time-dependent Mode-I crack growth and uniaxial 
compressive creep tests to determine lifetime. 
 
4.6.1.1 Mode-I crack growth tests 
 
CSTBD specimens are tested under different constant loads at room temperature (Figure 4.29). 
The constant loads were chosen at 80 %, 84 %, 86 %, 88 %, 90 % and 92 % of average maximum 
load. Corresponding test results are listed in Table 4.4. The tests are automatically stopped when 
the duration is bigger than about 19 days. Hence, the real lifetimes of specimen with 80 %, 84 % 
and 86 %  of average maximum load are longer than values listed in the fifth column of Table 4.4 
(the symbol ‘+’ added behind the number means that the real time is longer). Obviously, as load 
decreases, the lifetime of specimen nonlinearly increases. 
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Figure 4.29 CSTBD specimen of Kirchberg II granite for mode-I crack growth tests 
 
Table 4.4 Results of time-dependent Mode-I crack growth tests 
Load ratio 2a (mm) B (mm) D (mm) α tf (s) 
80 % 45.51 25.61 74.96 0.61 1652917+ 
84 % 45.55 26.03 75.00 0.61 1800000+ 
86 % 45.37 26.28 75.01 0.60 1920000+ 
88 % 45.52 25.55 74.99 0.61 5000 
90 % 45.46 26.62 74.96 0.61 1680 
92 % 45.47 26.04 74.93 0.61 60 
 
4.6.1.2 Uniaxial compressive creep tests 
 
The cylindrical specimens (diameter × height is 50 × 100 mm) are tested under different constant 
uniaxial compressive loads at room temperature (Figure 4.30). The applied constant load 
accounts 73 %, 75 %, 78 %, 81 %, 84 % and 89 % of average maximum load. The corresponding 
test results are listed in Table 4.5. The maximum testing time was limited to about 2 months. Real 
life time of specimen 1, 6, 7 and 9 are longer than values listed in the fifth column of Table 4.5 
(the symbol ‘+’ added behind the number means that the real lifetime is longer). 
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 (a) (b) (c) 
Figure 4.30 Uniaxial compressive creep tests of Kirchberg II granite (a) frontal view of specimen: 
(b) lateral view of specimen, (c) loading system 
 
Table 4.5 Results of uniaxial compressive creep tests 
 No. Load ratio tf (s) 
7 73 % 4585476+ 
9 75 % 3012249+ 
1 78 % 2249933+ 
5 81 % 2354382 
6 84 % 3620860+ 
4 89 % 437 
 
4.6.2 Simulation for time-dependent lab tests 
 
4.6.2.1 Simulation of Mode-I crack growth tests 
 
Figure 4.31 shows the lifetime of specimen versus load ratio for Mode-I crack growth tests. The 
symbol ‘+’ besides the lab data indicates that the real lifetime is longer than this value. The 
lifetime decreases nonlinearly with increasing load ratio. The subcritical crack growth parameters 
for simulation ‘C-1’, ‘C-2’, ‘HC-1’ and ‘HC-2’ (Figure 4.31) are listed in Table 4.6. For 
simulations based on Charles equation, initial microcracks are randomly distributed in each 
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contact with lengths ranging from 0 mm to 0.3Li. Li is the length of contact i. The average value 
of Li for the whole numerical model of Kirchberg II granite is 0.3398 mm. 
 
 
(a) 
 
(b) 
Figure 4.31 Lifetime versus load ratio for Mode-I crack growth tests: (a) lab tests and simulations 
based on Charles equation, (b) lab tests and simulations based on Hillig-Charles equation 
 
Figure 4.32 shows simulation results for lateral strain with time elapsing for Mode-I crack growth 
tests. The curves show typical primary, secondary and tertiary stages, when load ratio is 0.86. 
The negative lateral strain of the specimen increases quickly at primary stage (time period is 
short), then increases slowly at secondary stage (time period is long) and accelerates suddenly at 
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the tertiary stage (Figure 4.32a). The negative lateral strain increases quickly and continuously 
until failure for specimen using Hillig-Charles equation, when load ratio is 1.0 (red curve in 
Figure 4.32b). 
 
Table 4.6 Subcritical crack growth parameters for numerical model of Kirchberg II granite 
Charles equation AI (m/s) nI AII (m/s) nII 
Simulation ‘C-1’ 5 × 10-8 30 2 × 10-34 25 
Simulation ‘C-2’ 3 × 10-3 30 2 × 10-32 25 
Hillig-Charles equation β1t (Pa/s) β2t β1s (Pa/s) β2s 
Simulation ‘HC-1’ 1 × 10-20 4 × 10-6 1 × 10-22 4 × 10-7 
Simulation ‘HC-2’ 1 × 10-15 4 × 10-6 1 × 10-20 4 × 10-7 
 
 
(a) 
 
(b) 
Figure 4.32 Lateral strain versus time for Mode-I crack growth tests: (a) simulations based on 
Charles equation, (b) simulations based on Hillig-Charles equation 
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4.6.2.2 Simulation of uniaxial compressive creep tests 
 
Figure 4.34 shows the lifetime of specimen versus load ratio for uniaxial compressive creep tests. 
The symbol ‘+’ beside the lab data again indicates that the real lifetime is longer than this value. 
Notations ‘C-1’, ‘C-2’ ‘HC-1’ and ‘HC-2’ have the same meaning as mentioned above. It is also 
observed that the lifetime decreases nonlinearly with increasing load ratio. 
 
 
(a) 
 
(b) 
Figure 4.34 Lifetime versus load ratio for uniaxial compressive creep tests: (a) lab tests and 
simulations based on Charles equation, (b) lab tests and simulations based on Hillig-Charles 
equation 
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Figure 4.35 shows the increase of vertical strain with time elapsing for uniaxial compressive 
creep tests. The typical creep stages are also observed in these vertical strain-time curves. 
Figure 4.36 shows the damage process of specimen in uniaxial compressive creep tests at 
different points in time indicated in Figure 4.35a. The damage is small and a few macrocracks 
parallel to the maximum stress direction are distributed in the specimen before the tertiary stage 
(Figure 4.36a-1 & b-1). Massive cracks grow and connect and many vertical cracks and shear 
band are formed during the tertiary stage (Figure 4.36a-3 & b-3).  
 
  
(a) 
 
(b) 
Figure 4.35 Vertical strain versus time for uniaxial compressive creep tests: (a) simulations based 
on Charles equation, (b) simulations based on Hillig-Charles equation 
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4.6.2.3 Evolution of damage indices 
 
According to Eq. (4.18), the damage indices of Mode-I crack growth tests and uniaxial 
compressive creep tests are analyzed. Figure 4.37 shows the evolution of damage index for 
Mode-I crack growth tests. It is found that the damage index evolution under high and low load 
ratios is different. When the load ratio is 0.86, the damage index increases slowly with time 
elapsing during secondary creep stage (time consuming) and then accelerates suddenly causing 
the failure of specimen with typical tertiary creep phenomena. When the load ratio is 1.0, the 
damage index develops quickly from beginning until failure occurs. 
 
  
 (a) (b) 
Figure 4.37 Evolution of damage index for Mode-I crack growth tests: (a) load ratio = 0.86, (b) 
load ratio = 1.0 
 
Figure 4.38 shows the evolution of damage index for uniaxial compressive creep tests. The 
evolution of damage index reveals typical creep stages under low load ratio and develops quickly 
under high load ratio. The delayed failure of rock specimen can be validated by this damage 
index-time curve. Behavior is similar to the observations made during Mode-I crack growth tests. 
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 (a) (b) 
Figure 4.38 Evolution of damage index for uniaxial compressive creep tests: (a) load ratio = 0.81, 
(b) load ratio = 1.0 
 
4.7 Conclusions 
 
In this chapter, time-dependent damage of rocks via numerical simulations and lab tests have 
been analyzed. Two approaches to include Charles equation and Hillig-Charles equation were 
developed and implemented into UDEC. Afterwards, numerical simulations were validated by 
lab tests. The following conclusion can be drawn. 
 
Some regularities were obtained for subcritical crack growth parameters through simulation of 
pure tensile and shear tests. For Charles equation holds: AI and nI only have influence on tensile 
crack growth; lifetime of the specimen decreases with increasing AI and increases with increasing 
nI; lifetime-load curve becomes steeper with increasing nI in tensile tests; AII and nII only have 
influence on shear crack growth; lifetime of the specimen decreases with increasing AII and 
increases with increasing nII; and lifetime-load curve becomes steeper with increasing nII in shear 
tests. For Hillig-Charles equation holds: β1t and β2t only have influence on tensile crack growth; 
lifetime of the specimen decreases with increasing β1t and β2t, respectively; the bigger β2t, the 
steeper the lifetime-load curve in tensile tests; β1s and β2s only have influence on shear crack 
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growth; lifetime of the specimen decreases with increasing β1s and β2s; the bigger β2s, the steeper 
the lifetime-load curve in shear tests. 
 
Lifetime prediction for Coconino sandstone specimen with one-edged crack under constant 
tensile load was carried out by numerical simulations and theoretical calculations. The lifetime of 
specimen decreases nonlinearly as either initial macroscopic crack length increases or the load 
increases. The macroscopic crack grows very slowly at the beginning. When the subcritical crack 
growth velocity approaches the critical value, the macroscopic crack increases dramatically and 
the specimen fails immediately. 
 
Based on the subcritical crack growth theory, uniaxial compressive creep simulations for LdB 
granite were performed. It also shows that lifetime of specimen decreases with increasing load. In 
addition, the simulations revealed primary, secondary and tertiary creep phases. During the 
primary phase cracks emerge in a more random manner within the specimen. In the secondary 
creep phase, cracks grow further, connect and form larger cracks mainly parallel to the maximum 
stress direction. Within the tertiary creep phase, large vertical cracks and shear bands are created 
that lead to failure of the specimen. The numerical models show not only the initiation of 
microcracks and occurrence of macrocracks caused by subcritical crack growth and coalescence, 
but also crack closure due to local stress redistributions. 
 
CSTBD and cylindrical specimen of Kirchberg II granite are used to perform time-dependent 
Mode-I crack growth and uniaxial compressive creep tests to predict lifetime and to analyze 
damage pattern. The corresponding numerical simulations are carried out using Charles equation 
and Hillig-Charles equation. Lab tests and numerical simulations show that the lifetime decreases 
nonlinearly with increasing load. Typical creep stages become visible under low load ratio, 
damage quickly develops under high load ratio and fracture pattern reveal similarities with time-
independent simulations. 
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5 Applications of numerical models 
 
5.1 Introduction 
 
In this chapter, a simplified sandstone landscape arch is analyzed by the homogeneous model. 
The factor of safety (FOS) of the arch has been obtained using the strength reduction method 
(SRM). Evolution of damage in the arch with time elapsing has been investigated using Charles 
equation. The failure patterns obtained from SRM and time-dependent simulation, respectively, 
are compared. Also, the long-term stability of a tunnel subjected to different constant loadings 
has been studied by the heterogeneous model which has already been adopted for simulating 
Kirchberg II granite. The Hillig-Charles equation was used for simulation of time-dependent 
damage around the tunnel. 
 
5.2 Numerical analysis of a sandstone landscape arch 
 
5.2.1 Model set up 
 
A numerical model of a landscape arch was built using geometrical data from Stevens (1985) 
(Figure 5.1). The 132 m long landscape arch with maximum height of 28 m is composed of 
sandstone and is located in the Arches National Park Utah. It was not the intention to set up a 
realistic model of this specific arch (this would need to implement a lot of additional features). 
Instead only the geometry was used and it is assumed that the arc is composed of intact Coconino 
sandstone with characteristics given in Table 3.2 (ignoring scale effects). The application of the 
classical strength reduction technique (applied to the contact parameters) is compared with the 
time-dependent crack growth simulation based on the approach described above. 
 
It is assumed that the mechanical and subcritical crack growth parameters of the arch are the 
same as those of Coconino sandstone except that the average edge length of blocks and contacts 
is 1.5 m and 0.465 m, respectively, and Δtmax = 1.0 × 10
6 s. The total number of blocks and 
contacts for the numerical model of the arch is 1209 and 6546, respectively. Each block consists 
of about 5 deformable zones. In our numerical model, the crack propagation was realized by 
detaching contacts. Hence, big blocks will restrict crack growth to some extent due to the 
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limitation that crack cannot penetrate and break the block. To overcome this problem, we can 
increase number of blocks or perform local refinement with small blocks in the fractured region. 
But this demands large computational power and leads to increase in calculation time. 
Nevertheless, even along a quasi-vertical cross section (smallest dimension inside the model) we 
have about 4 blocks (with about 20 zones) and about 23 contacts, which provide still lots of 
freedom for crack propagation directions. 
 
 
Figure 5.1 Numerical model (upper) and photograph (Block et al., 2006) of the landscape arch 
 
5.2.2 Factor of safety calculation 
 
The strength reduction method (SRM) has been used in slope stability analysis as early as 1975 
by Zienkiewicz et al. (1975). Afterwards, some researchers (e.g. Dawson et al., 1999; Cheng et 
al., 2007) have applied it for stability and factor of safety (FOS) analysis. The major advantage of 
SRM is, that the critical failure surface is determined automatically by reducing selected strength 
parameters until failure occurs. FOS is determined according to these equations: 
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Where J C (trial) and J T (trial) is trial value for cohesive and tensile strength, respectively, Ftrial is 
strength reduction factor and φtrial is trial value for friction angle. 
 
 
(a) 
 
(b) 
Figure 5.2 Critical equilibrium state and failure pattern of the landscape arch: (a) displacement 
vectors (unit is m), (b) failure pattern. 
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A series of simulations were conducted using trial values for Ftrial to reduce J C, J T and φ until 
failure occurs. The FOS obtained after the simulations is about 7.0. Figure 5.2a shows the 
displacement vectors just before failure. Obviously, the displacements in the middle range of 
span are bigger than at other positions and maximum value of  the displacement is about 2.5 cm. 
Figure 5.2b presents the failure pattern of the arch showing that some macro cracks emerge in the 
indicated positions, and the thinnest part is detached from the arch. 
 
5.2.3 Fracture evolution with time elapsing  
 
Charles equation is used to simulate fracture evolution in the arch. It is known that the 
degradation and failure of contacts has a strong relation to stress intensity factors at the 
microcracks. For rock sample with one microcrack, it is easy to analyze the stress intensity 
factors using theoretical method. However, for complicated models such as the landscape arch 
with many randomly distributed microcracks, there are no analytical solutions for stress intensity 
factors available which cover the whole spectrum of boundary and geometrical conditions. 
Therefore, the idea is to analyze these cracks at the local scale taking into account of local 
stresses at each crack. This is explained by Figure 4.3. For one microcrack at contact i, the local 
stress can be calculated by  i ni i iF L aV   ,  i si i iF L aW    or  iisinimi aLFF  22V  under 
mode-I, mode-II or mixed mode conditions, respectively. niF , siF , iL  and ia  are available in the 
numerical model. Finally, we can calculate the stress intensity factor by 2Ii ii aK SV , 
2IIi ii aK SW  or Eq. (4.6) for Mode-I, Mode-II or mixed-mode, respectively (Figure 4.3). The 
idea to analyze only local area and local stress for stress intensity factor calculation and 
neglecting local crack interactions has already been applied successfully by Konietzky et al. 
(2009) and Li and Konietzky (2014a, b, c). 
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 (a)   (b) 
 
 (c)  (d) 
Figure 5.3 Model results of landscape arch: (a) lifetime versus average length of initial 
microcracks 0ia , (b)-(d) displacement against elapsed time for 0ia  = 22.8 mm, 0ia  = 4.56 mm 
and 0ia  = 2.28 mm 
 
Figure 5.3 shows lifetime simulation results of the landscape arch with different distributions of 
average length of initial microcrack 0ia . It can be concluded that the lifetime of the landscape 
arch nonlinearly increases with decrease of 0ia  (Figure 5.3a). For 0ia  = 45.6 mm, 0ia  = 22.8 mm, 
0ia  = 4.56 mm and 0ia  = 2.28 mm, the lifetimes are 1.621 × 10
4 s, 6.549 × 105 s, 3.070 × 1010 s 
and 3.145 × 1012 s, respectively. The development of displacements of selected monitoring points 
in the landscape arch are illustrated in Figure 5.3b-d. The initial displacements (about 0.0135 m) 
are caused by dead weight of the arch. Due to subcritical crack growth, displacements increase 
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horizontal axis and R directed to the specific observation point. The tangential stress distribution 
at the boundary of the circular tunnel for κ0 = 1.00 and κ0 = 0.25 is illustrated in Figure 5.5b and 
Figure 5.5c. For κ0 = 1.00, the tangential stress around the tunnel is compressive (the value is 2σ0). 
For κ0 = 0.25, the tangential stress in vault and inverted arch of the tunnel is tensile (the value is -
0.25σ0). 
 
The geometry of the numerical model is D0 = 12.5 mm and W0 = 50 mm. σ0 is assigned to be 
60 MPa and the other input parameters are the same as those of  Kirchberg II granite. Hillig-
Charles equation is adopted for time-dependent damage simulations. The subcritical crack growth 
parameters are the same as those used for simulation ‘HC-1’ mentioned in last chapter. The 
numerical models were run with κ0 = 0.00, 0.25, 0.75 and 1.00, respectively. During the 
simulations, all the external vertical and lateral stresses are kept constant. 
 
5.3.2 Simulation results for time-dependent damage 
 
Figure 5.6 shows the simulation results for damage evolution around the tunnel with time 
elapsing. Time-dependent fracture patterns are compared with time-independent fracture patterns 
(right side of Figure 5.6) from Zhu et al. (2005). Similarities in respect to fracture pattern are 
clearly recognizable. For κ0 = 0.00, two main vertical tensile cracks are created in the middle of 
the model for both time-dependent and -independent simulations. With increasing lateral stress, 
more and more shear cracks occur and the tensile damage is inhibited. The elapsed time for 
collapse or failure of the tunnel increases with increasing lateral stress due to the reason that the 
strength of the rock increases with increasing confining pressure. Also, it takes a long time to 
form crack networks. However, if that stage has been reached tunnel will quickly collapse. For 
κ0 = 1.00, shear cracks form an approximate circle surrounding the tunnel so that spalling is 
obvious. 
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5.4 Conclusions 
 
Two simple applications of the developed numerical approach are described in this chapter. 
According to the simulation results for the landscape arch, it can be concluded that this numerical 
technique considering time-independent and -dependent damage, might be a useful extension to 
the classical SRM technique, because it allows additional prediction in time (lifetime prediction).  
Both techniques delivered similar failure pattern. For simulation of damage process around the 
tunnel, it was found that the fracture patterns obtained from time-dependent simulation and time-
independent simulation show same characteristics: two main vertical tensile cracks are created in 
the middle of the model for uniaxial compressive loading. With increasing lateral stress, more 
and more shear cracks occur, the tensile damage is inhibited and the spalling phenomenon is 
more obvious. In addition, for time-dependent model, the elapsed time for collapse or failure of 
the tunnel increases with increasing lateral stress. 
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6 Conclusions and outlook 
 
6.1 Conclusions 
 
In this thesis, the time-independent and -dependent damage characteristics of brittle rocks inside 
pre-failure range have been investigated based on numerical simulations and lab tests. The DEM-
based homogeneous and heterogeneous models consist of unbreakable elastic Voronoi blocks 
connected by elasto-plastic contacts and have been adopted to simulate Coconino sandstone and 
granites. The time-dependent damage simulations have been conducted by implementing Charles 
and Hillig-Charles equation. Triaxial compressive tests, fracture toughness tests, fracture pattern 
tests, time-dependent Mode-I crack growth and uniaxial compressive creep tests on granite have 
been carried out in the lab. The corresponding numerical simulations have not only duplicated the 
macroscopic response of time-independent and -dependent damage characteristics of granite 
(stress-strain relations), but also delivered insight into the failure processes at the micro- and 
meso-scale. Thus, through these analyses, the following conclusions can be drawn: 
 
(1) The macroscopic mechanical behaviour of the numerical model is closely related to 
parameters of blocks and contacts. The elastic modulus increases with growth of kn, ks, μb and Kb. 
The Poisson’s ratio increases with growth of μb, decreases with the growth of ks and first 
decreases and then increases with growth of kn. The uniaxial compressive strength grows 
continuously as J T, J C, φ and kn increases, and first increases and then decreases with increasing 
ks. Tensile strength, Mode-I and Mode-II fracture toughness first increase and then are almost 
constant with increasing J T and J C. In addition, the ratio φr/φ has influence on the stress strain 
curve (stress drop, softening) in the post-failure stage. The stress drop becomes steeper with the 
decrease of φr/φ. ks/kn has influence on fracture patterns, especially visible for CSTBD specimen. 
 
(2) Considering elastic small mineral grains connected by elasto-plastic contacts, the grain-scale 
numerical model can simulate time-independent damage of the rocks in a reasonable manner. The 
crack initiation, propagation and coalescence processes can be simulated using the numerical 
model. Shear band evolution, diametric main crack development with several small branches, and 
macroscopic cracks connecting crack tips and loading points were presented in the failure stages 
of uniaxial compression, Brazilian, and fracture toughness test simulations, respectively. The 
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heterogeneous model showed a more pronounced nonlinear mechanical behavior than the 
homogeneous model.  
 
(3) According to the theory of energy conservation and some observations obtained from triaxial 
compression tests of Kirchberg II granite, a new failure criterion is proposed. Damage indices 
described by degradation of tangential modulus and increase of dissipation energy were 
introduced to evaluate and predict the evolution of damage in the pre-failure range for Kirchberg 
II granite. The damage indices increase slowly before the reversal point of volumetric strain, but 
accelerate dramatically afterwards. At same vertical load, an increase of confining pressure will 
reduce the damage. The damage of the specimen in conventional triaxial compression can be 
predicted by the deduced empirical equations. According to the fracture toughness tests for 
Kirchberg II granite, it was found that the test results obtained from CCNBD are bigger than 
those from CSTBD for Mode-I fracture toughness and the test results obtained from CSTBD are 
between lower and upper limiting values from CCNBD for Mode-II fracture toughness. From 
fracture pattern tests for Eibenstock II granite, it was found that the new cracks will not initiate 
from the notch tips when the stress intensity factors around the notch tips are negative. 
 
(4) A time-independent damage index was defined. This damage index grows slowly in the 
beginning and suddenly increases after reversal point of volumetric strain or crack damage 
threshold in uniaxial compression tests. Brittle characteristics of Ldb granite are more 
pronounced than those of Coconino sandstone. Specimens subjected to higher confining pressure 
show less damage under the same vertical load according to simulation and lab testing results of 
triaxial compression tests. 
 
(5) To perform time-dependent damage simulation, subcritical crack growth algorithms based on 
Charles and Hillig-Charles equations were implemented. Simulation results for pure tensile and 
shear tests showed some regularities for parameters of subcritical crack growth. For Charles 
equation, AI and nI only influence the tensile crack growth; lifetime of the specimen decreases 
with increasing AI and increases with increasing nI; lifetime-load curve becomes steeper with 
increasing nI in tensile tests; AII and nII only influence the shear crack growth; lifetime of the 
specimen decreases with increasing AII and increases with increasing nII; lifetime-load curve 
becomes steeper with increasing nII in shear tests. For Hillig-Charles equation, β1t and β2t only 
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influence the tensile crack growth; lifetime of specimen decreases with increasing β1t and β2t; the 
bigger β2t, the steeper the lifetime-load curve in tensile tests; β1s and β2s only influence the shear 
crack growth; lifetime of specimen decreases with increasing β1s and β2s; the bigger β2s, the 
steeper the lifetime-load curve in shear tests. 
 
(6) Lifetime prediction for Coconino sandstone specimen with one-edged crack under constant 
tensile load was carried out using numerical simulations and analytical calculations. The lifetime 
of specimen decreases nonlinearly as either initial macroscopic crack length increases or the load 
increases. The macroscopic crack grows very slowly in the beginning. When subcritical crack 
growth velocity approaches the critical value, the macroscopic crack increases dramatically and 
the specimen fails immediately. 
 
(7) Based on subcritical crack growth theory, uniaxial compressive creep simulations for LdB 
granite were performed. It also shows that lifetime of specimens decrease with increasing load. In 
addition, the simulations revealed primary, secondary and tertiary creep phases. During the 
primary phase cracks emerge in a more random manner within the specimen. In the secondary 
creep phase, cracks grow further, connect and form larger cracks mainly parallel to the maximum 
stress direction. In the tertiary creep phase, large vertical cracks and shear bands are created 
causing failure of the specimen. The numerical models showed not only the initiation of 
microcracks and occurrence of macrocracks due to subcritical crack growth and coalescence but 
also crack closure due to local stress redistributions. 
 
(8) The time-dependent lab tests and numerical simulations for Kirchberg II granite showed that 
the lifetime decreases nonlinearly with increasing load. Typical creep stages are formed under 
low load ratio, while damage quickly develops under high load ratio, and the fracture pattern of 
time-independent and -dependent simulations are similar. 
 
(9) A simplified landscape arch was simulated using the developed numerical technique 
considering both, time-independent and -dependent damages. Such a numerical approach might 
be a useful extension to the classical SRM technique, because it also allows predictions in time 
(lifetime prediction). In addition, both techniques delivered similar failure pattern. According to 
simulation results for the damage evolution around a tunnel with time elapsing, it was found that 
Chapter 6 Conclusions and outlook  
 
134 
 
the fracture patterns obtained from time-dependent simulation and time-independent simulation 
show remarkable similarities. For example, two main vertical tensile cracks developed in the 
middle of the model under pure vertical stress conditions. With increasing lateral stress, more and 
more shear cracks occur, the tensile damage is inhibited and the spalling phenomenon is more 
obvious. For time-dependent consideration, the elapsed time for collapse or failure of the tunnel 
increases with increasing lateral stress. 
 
6.2 Main contributions of the thesis 
 
    Development of grain-based homogeneous and heterogeneous numerical models to 
simulate time-independent and -dependent damage characteristics of brittle rocks inside 
pre-failure range. 
 
    Implementation of Charles and Hillig-Charles equations into DEM code, and 
development of appropriate modelling strategy to perform life-time predictions for rock 
under load.  
 
    Comprehensive verification of proposed time-dependent and time-independent 
simulations via several lab tests taking into account of the stress-strain relations and 
fracture pattern. 
 
    Proposal of a new failure criterion based on triaxial compression tests and energy-related 
considerations. 
 
    Proposal of different damage indices for damage evaluation inside rocks specimens. 
 
    Discovering of differences between CCNBD and CSTBD tests for determination of 
fracture toughness.  
 
    Investigation of the influence of block and contact parameters for time-independent 
mechanical response of numerical models.  
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    Investigation of the influence of subcritical crack growth parameters for time-dependent 
mechanical response of the numerical model. 
 
    Illustration of developed approaches on the basis of two simple practical examples. 
  
6.3 Recommendations for future research 
 
Based on the analysis of this research, further work should focus the following: 
 
    Consideration of damage in rock as a 3-dimensional problem including Mode-III (torsion) 
fracture growth. 
 
    More detailed consideration of microcrack distributions inside numerical simulations.  
 
    More lab tests about time-dependent damage characteristic need to be carried out. 
Especially, time-dependent shear crack growth and torsion crack growth should be 
investigated. In addition, acoustic emission equipment can be used to monitor the damage 
process in more detail as time and location dependent process including determination of 
fracture type. 
 
    Additionally, the consideration of thermo-mechanical coupling during time-dependent 
damage evolution using lab tests and numerical simulations. 
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